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Theory of force-free electromagnetic fields. 1. Configuration with symmetry

Toshio Uchida
Division of Theoretical Astrophysics, National Astronomical Observatory, Mitaka, Tokyo 181, Japan
(Received 17 December 1996

We develop a method for applying the general theory of the force-free electromagnetic field given in the
preceding paper to configurations with some symmetry. The electromagnetic field configuration invariant
under the action generated by one Killing vector and the configuration invariant under the action generated by
two Killing vectors are studied. The Euler potentials have specific forms when the electromagnetic field has
symmetry. General forms of the Euler potentials in these two cases are determined by the symmetry assumed.
As an example of the configuration with one invariant direction, the time-dependent axisymmetric configura-
tion is studied. The example of the configuration with two invariant directions is the stationary and axisym-
metric configuration. The relation between the present theory and the traditional way to treat the stationary and
axisymmetric configuration is clarified. Lastly, using Noether’s identities, we clarify the relation between the
geometrical properties of the conserved fluxes and the symmetry of the configuration.
[S1063-651%97)03108-3

PACS numbg(s): 41.20—q, 95.30.Qd

I. INTRODUCTION 1
AM:§(¢1&M¢2_¢20[L¢1)' (1.2

In the preceding papdhenceforth referred to as paper |
we have presented a general theory to deal with the forcegt course, the vector potential cannot be determined
free electromagnetic field. In that paper, we have treated thgniquely. The arbitrariness in the vector potential is clarified
force-free electromagnetic field by a field theoretical methodp paper 1.
that is free from the symmetry of the field configuration.  compining the force-free equatidh,,J*=0 [1] with a
Indeed, the force-free electromagnetic field was described agaxwell equation, we have #
a nonlinear scalar field theory for two Euler potentials. Since
the motivation of that paper is formulation of a general 3,1\ — (3" 10" py— 9" 2 1)} =0,
theory, a viewpoint that does not depend on any symmetry of
the configuration was stressed throughout. In many astro- T 9V A aN v s AN _
nomical applications, however, we treat field configurations Tbatn{N= (0" 10" b= 0" b $2)}=0. (1.3

with some symmetry. Although real astronomical bodies dorpjs s the basic equation of the force-free electromagnetic

not have any exact symmetry, of course, some approximatg, s oximation. The basic equation is derived from an action
symmetry exists in many cases. Generally, the condition fobrinciple. The Lagrangian scalrthat yields Eq(1.3) is

the symmetry greatly simplifies the mathematical analysis.

Therefore development of a systematic method for applying

1
the general theory of the force-free electromagnetic field to L=— F(a%la%z—a”(/bza%l)
configurations with some symmetry is necessarily a next step &
of our investigation. X(3,10)Pr— 9,20, P1). 1.9

As shown in paper |, a force-free electromagnetic field

F .., more generally a degenerate electromagnetic field, is In this work we will develop a method for applying these
written by two Euler potentialgh; and ¢, as equations systematically to the configurations with some
symmetry. In configurations with symmetry, the Euler poten-
tials must have specific functional forms so as to embody the
Fw=0,$10,$2—09,$29,b;. (1.) symmetry in the electromagnetic field. We can decide this
specific form indeed by the given requirements for the sym-
metry. Further, as we will see, this formulation enables us to
A two-dimensional surface on which; and ¢, are constant see the relation between the symmetry of the configuration
is called the flux surface. A tangent vector field of the fluxand the properties of the conserved flux by means of Noet-
surface is called the generator of the flux surface. The theorler’s identities.
of the force-free electromagnetic field is a geometric theory The plan of this paper is as follows. Section Il treats con-
largely based on the existence of the flux surface. The flufigurations that have one invariant direction. The forms of
surfaces introduce the magnetic field lines on a given threethe Euler potentials are determined. As an example, the time-
space. Namely, the magnetic field line is an intersection bedependent axisymmetric case is examined. In Sec. Il we
tween a flux surface and the three-space. An expression tfeat configurations that have two invariant directions. We
the vector potential that yields the electromagnetic figld) show that generally two cases may arise. The forms of the
is given by Euler potentials are determined in each of the two cases. As
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an example, the stationary and axisymmetric configuration ishown in paper |, two sets of the Euler potentials, (&)
considered. Further, the relation between the traditional treagng (4,,%,) give the same electromagnetic field if they re-
ment of the stationary and axisymmetric configuration andate as

our theory is clarified. In Sec. IV relations between the geo-

metrical properties of the conserved flux and the symmetry D1=D1( D1, b)), o= o1,y (2.5
of the configuration are discussed making use of Noether’s
identities. with
The metric sighature + + +) and the units in which o o o
c=G=1 are used as in paper I. A1 dbs Iy Ipy I pr,dq) 1 2.6
dpy dpy Iy Iy P1,h2) T 9

IIl. CONFIGURATION WITH ONE INVARIANT

DIRECTION The Euler potentials are determined within this arbitrariness.
Making use of this arbitrariness, we can introduce a new set
of the Euler potentialgh,; and ¢, as

Let us begin with the degenerate electromagnetic field

invariant under the action generated by one Killing vector. ~ ~ 1
Let Z# denote the Killing vector field. We assume that the ¢1:J f(¢1)d ey, ¢2:m &2, 2.7
degenerate electromagnetic field satisfies

A. Restriction on the Euler potentials

from the Euler potentials satisfying Eq&.2) and(2.4). The
exception is the case in whidlf¢,) is identically zero. Evi-

dently, Egs.(2.7) are an example of the transformation de-

where £ is the Lie derivative with respect t*. We look fi o -
. : ined by Eqs(2.5 and(2.6). In fact, it is easy to see that this

for the general forms of the Euler potentials that yield the : .

force-free electromagnetic field satisfying E@.1). Here, transformation does not change the electromagnetic field. By

we derive the conditions for the Euler potentials by a heuris€9uations(2.2) and (2.4), ¢, satisfies £¢4,=1. Of course,

tic argument first and later discuss generality of the condi£;#1=0 is still satisfied. Therefore the Euler potentials that

tions. yield a degenerate electromagnetic field invariant under the
At first sight, it seems that the condition =0  action generated by satisfy

(i=1,2) is adequate. Of course, this yields an electromag-

netic field satisfying conditiori2.1). However, this is not a £.01=0, £,¢,=1, 2.9

general condition. In fact, this requirement makes the elecéxce  for the special case

tromagnetic field satisf¥ ,,{"=0. This implies that three of P P

six components of the Qlec_tromagne_tlc fleld_tgnsor vanish £,6,=0, £,¢,=0. 2.9

identically. For example, if* is the stationary Killing vector

di=K, thenF;=0 (i=1-3 follows. This implies that the The latter corresponds to thE,,(’=0 case mentioned
electric field vanishes identically. Thus, ik&;=0(i=1,2)  apbove. Equation&.8) and(2.9) are differential equations for
is a general condition for & ,,=0, we must conclude that the Euler potentials. Thus once the Killing vectois given
the stationary degenerate electromagnetic field cannot havsplicitly, we can decide the forms of the Euler potentials
the electric field at all. Evidently, this is a too restrictive solving these equations. We will illustrate this procedure in
condition. Therefore we examine the consequence of thghe next subsection.
condition Next, let us show that conditiof2.8) or condition(2.9) is
in fact a general condition. From E¢.1), we have
£:41=0. (2.2

3 (F AN =, (F 2 ) =0. 2.1
Lie differentiating F ,,, with respect to# under condition WP =0Find®) (219
(2.2), we have This implies thaf ,, {* is written asF ,, =3, f by a func-
tion f. Let ¥ be a generator of the flux surface. Namely,
EF 1y =0uh10(Erh2) — 0u(ErP2)dur. (2.3 gr s a vector field satisfying ,,&”=0. Then we have

£.F,,=0, (2.0

Obviously, we have & ,,=0 if ¢, satisfies gﬂFmg”: &9,f=0. (2.1)

Eio=0"9,02=1(h1), (24 This means thad,f is orthogonal to the flux surface. Thus

) ) ) f is a function of the Euler potentials. Thus we have
where f(¢4) is an arbitrary function of¢,. Thus not

£,¢,=0 but condition(2.4) is sufficient for Eq.(2.1), if Eq. Fnl*=d,f(d1,62), (2.12
(2.2) is assumed.

Equations(2.2) and (2.4) seem to be general conditions wheref(¢,,¢,) is a function of¢p; and ¢,. Substituting EQ.
for the Euler potentials. Furthef(¢,) appears like an inte- (1.1) into F,, in the above equation, we have
gral on the three-dimensional surface of consiant How- y
ever, there is room for further simplification. Namely, we Y » _
can setf(¢;)=1 without any loss of generality except for TuPr(70,$2) =0, b L0, 1) = aTslaf‘d’lJr aT;Zaf‘qbz'
the case in whichf(¢,) vanishes identically. In fact, as (2.13
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So long asF,, does not vanish identicallyg,#, and
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(i) When gf/a¢p,#0, we can find a transformation that

d,¢, are independent. Comparing both sides of the aboveatisfies $,(,,#,)=f(#1,4,) in addition to conditions

equation, we find the relations

.
dpy’
2.14

of
Eipr=("0,1=— Ty’ Erpr={"0,¢r=

Here we should note that Eq&.14) are transformed “co-
variantly” under the transformation of the Euler potentials

(2.5 and(2.6). In fact, by virtue ofgf/d¢p,+# 0, we can solve
$1=1(p1,¢,) for ¢1. Thus we have

defined by Eqgs(2.5 and (2.6). Namely, the same relations Defining $, as

as Eqs(2.14), but in which ¢; is replaced by, , are satis-
fied by any set of §,,,) if &, relates tog; as Eqs.(2.5

and (2.6). A proof is as follows. Regardingd,; and ¢, as
functions of ¢, and ¢,, we have

Iy Iy

gMa,ual_(?¢ g a,u(bl a¢ g (9,u¢2!
{Ha ¢z—az {Ho, 1+ &z {Ho oy (219
and
I _9% A 0% o
db1 Ib1 ap, DL Iy
of  dpy of  ad, of
dpy Ib2 9, P2 9, (219

We substitute Eqs(2.16 into Egs.(2.14). Further, we re-
place {#d,,¢i(i=1,2) in Egs.(2.19 by Egs.(2.14. Then

together with 9(by, 1)/ (b1, $2)= (b2, 62)/ (b1, b2)

=0, we have

~ __ﬂ%@z)i ~ _3(5112{72)(7_“
S b S L P I
(2.17

Thusd( b, )/ d( by, d5) =1 guarantees

guagz_&_f gﬂa';]):a_f (2.18
S ARG A

1

Therefore we have the same form of equation as(Ed4.6
for ¢, and ¢,.

Ay Ndg="LL 4T, A d sy (2.20
ddy

5, ¢>1(¢1.¢>2>d¢2, 221
Iby

thus we arrive at d¢,/\dg,=d@,/\dd,, i.e.,
Py, b2)13(dby,P,)=1. Since the definition o, implies
f(h1,02) =T (d1(b1,d2), b2( b1, $2))= ¢1, we have

gﬂﬁa—_i_o guag_(g_f_l (2.22
nFLT &E_’ MZ_[?'&;_’ :

2 1

by the “covariance” of Eq.(2.14). Thus'$, and &, satisfy

the same condition as E(.8). Further, Eq(2.9) is a special
case of(i) in which x(¢,)=0, because Eq2.9 implies
{9, d1="9,$,=0. From (i) and (i) therefore we can
conclude that it is always possible to find a set of the Euler
potentials satisfying Eq$2.8) or Eq.(2.11) when the degen-
erate electromagnetic field is invariant under the action gen-
erated by one Killing vector. The first relation of Eq8.8)
implies that¢, does not depend on the coordinate along the
Killing direction. On the other hand, we need to integrate the
second equation so as to obtain the explicit fornpef As a
result of the integrationg, generally has a form depending
on the ignorable coordinate.

Note that the vector potential derived from Ef.2) does
not satisfy £A,=0 even if the Euler potentials are chosen
according to Eq(2.9). In fact, from Eqgs(1.2) and(2.8), we
have

1 1
EA,=E; §(¢13M¢2_ $20,b1) |=— Ea,u.d)l-

Using this property, we can find a new set of the Euler

potentials that transforms Eq&.14) to the form of Egs.

(2.8) or Eq.(2.11). The following two cases should be con-

sidered separately.
(i) When gf/d¢p,=0, f becomes a function of,, i.e.,
f=1f(¢,). Thus Egs(2.14 become

f
T =k(¢y). (219

d¢,
This is equivalent to Eq(2.4) except for the point that;

{#9,4,=0, ("d,¢41=

(2.23
A gauge transformatioAMaﬂﬂzAMJr d,\ yields
EAL=EA,FI(EN). (2.24
Thus if A satisfies
1
EN=5 61, (2.2

the right-hand side of Eq2.24) vanishes. In this equation,
¢, does not depend on the ignorable coordinate by virtue of

and ¢, are exchanged. Thus we can construct the Euler pcE,¢,=0. Therefore we can integrate it easily and get the

tentials satisfying Eq(2.9).

explicit expression oh.
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B. Time-dependent axisymmetric configuration This expression depends on the axial coordigatxplicitly.

In order to illustrate the method described above, let ug Nus fmA, 70 follows as already mentioned. The form of
consider the time-dependent axisymmetric configuration. Fo'® Vector potential satisfying .\, =0 is derived by a
simplicity, we work in the flat space and use the spherica@@uge transformation
coordinate:

~ 1
ds?= —dt*+dr?+r3(d¢*+sifde?).  (2.26 A A=A S, (0), (2.33

The special case given by E@.9) is almost trivial. Thus we

do not discuss this case further. according to Eq(2.25. In fact, this transformation leads to
We assume that the force-free electromagnetic field is in-

variant under the action generated by the axial Killing vector

- ; ~ ~ 1
M=de, thats, Ai=5 (Yrdho— o), Ae=5 (dadeda— dadii),
£mF ,.,=0. (2.27

By Egs.(2.89), the Euler potentials must satis ~ 1 ~
y Eas.29 P v Ro=s (Iadota=bdohs), By=dn. (234

Ent1=0,$1=0, Endr=d,¢,=1. (2.28

Integrating these equations, we have Let f(y41,¢) be an arbitrary function ofy; and ¢,. Then

vector potentials derived frorﬁﬂ by gauge transformations
H1=Un(t,1,0), o=@+ (t,r,0). (2.29 such thatA,—A,+d,f(41,¢,) satisfy £,A,=0. Since

dp1=0d,,=0 holds, all the vector potentials satisfying

These are the general forms of the Euler potentials for th¢ ,A =0 have the same¢ component. Therefore

axisymmetric degenerate electromagnetic fields. Note thay;=A,m* is an invariant quantity among the vector poten-

one of the Euler potentials explicitly depends on the axialtials that yield the axisymmetric degenerate electromagnetic

coordinatee even if the axial symmetry is assumed. Thefield and satisfy £A,=0.

components of the electromagnetic field are

C. Dynamical description of time-dependent axisymmetric

Fu=0dworhpoa— phadrhr,  Fro=oih10gtho— drifadgthy, field configuration
Fio=01, Fro=0ih1, Fo,=dgin, 1. Force-free equation
In the above discussions, we have seen that the condition
Fro=0,10ga— 320 gihy . (2.30 for the symmetry restricts the form of the Euler potentials as

Eqg. (2.29. This equation gives the transformation of the
We have discussed the arbitrariness in the Euler potentials Wariables from two Euler potentialsp( ,¢,) to another set
paper |. The Euler potentials that yield a given axisymmetricof two scalars {, , ). Although one of the Euler potentials
electromagnetic field are not unique even after the Euler poexplicitly depends on the ignorable coordinatenew vari-
tentials are restricted to the form of E@®.29. Evidently, ablesy,; and ¢, do not depend onp. Since there is no
¥ is determined uniquely within the difference of a con- further condition for symmetry, generally we must treat two
stant. On the other hand, by an arbitrary function/ef we  equations for two functiong, and ¢, in the field configu-

can transformy, as ration invariant under the action of one symmetry group.
The electromagnetic field was already given by Eq.
Yo— ho= o+ T(hy), (2.31) (2.30. We can decompose the magnetic field into the poloi-

dal components and the toroidal component as
without changing the electromagnetic field. Obviously, this
is an example of the transformation defined by Egs5) and . . . . - R
(2.6). The components of the vector potentjal2) are Bpa=Vi1Xe,, Bu=VirXVi,. (2.39

1 1 Similarly, the electric field is decomposed as
Atzi(wl&t(//Z_ odiihr) — EQDO"tl//l,

1 1 EpoI: — Vot 4,V iy, Ep=— l-plé)tp . (2.39
ArZE(‘/flﬁrl//z_ Y20, thy) — 5%,
The decomposition of the electromagnetic field into the po-
L . L loidal and the toroidal components arises naturally as in the
_- _ _t - traditional method. Substituting the Euler potentié®s29
Ao=5 (1dgo=hadoln) = 500001, Ag=5 91 into the 3+1 form of the equation of motiofEq. (4.2) of
(2.32  paper |, we have
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Vipo Vipot 1U(r2sir0)  —Vyy- V| [ i +( Vi Vi, Wl-wz—zv*ébl-v*wz)(m)
V- Vi, V-V |\ i, Vi V=2V Vi, Vi Vin W
o o A V| V-[(1r2sir0)V y,]
*(YoV 21— 1 V24hp) EVX (VX Vi) -| . _( Y=o, (2.37)
1 Vi 0
|
where V is acting on the poloidal coordinates only. This JL 1 . . . R L.
equation describes the evolution #f and . If the condi- szfzﬂ{—(vdfl' Vi) 1+ (Vi - Vi) o}
tion It
(2.41)
Vil Vipo+ 1Ur2sinf0) —Vi,-Vi ) .
? %2 - - ! . ? If |B|?#0, we can solve the above equations fgras
ViV, Vip- Vi
=(V1XV ,)2=|B|>#0 (2.39 (&1)_477 Vi -V V- Vi )(771>
W) BI\Vyy Vi, Vi Vit Ur2sin?e) ) \ i)

is satisfied, we can solve E¢2.37 for ¢, and ¢, as Eq.
(4.4) of paper |. By virtue of the restricted forms of the Euler (2.42

potentials, V¢4||V ¢, and V$,=0 cannot occur. Conse-

s - - 2 The Hamiltonian scalar becomes
quently, onlyV ¢, =0 causegB|=0. Thus, as far a¥ ¢,

#0 is satisfied in the whole force-free region, E®.37) ) - T T
determines the second time derivativesigfand ¢, on an _ 1 (4m)2[(maV gpr+ oV i) *+ mylr?sir? 6]
arbitrary three-space from; (i =1,2) and their first time de- 87| [(Vihy XV k)24 (Vihy- Viy)Ir2sir? 6]

rivatives prescribed on this three-space.

Substituting Eq.(2.29 into the Lagrangian scaldd.4), - R R R ]
we have +(Vi X Vi) ?+ (Vipy- Vi) Ir?sinfo . (2.43

1. - Lo 1 . - R
L= g[(ilflv Y=oV ¢1)2+ml/f§—(vlﬂlxv¢z)2 Then the canonical equations of motion are given by

1 - - - -
—W(V%-V%) : (2.39 " :ﬁ: Am(m Vg +mVipy) Yo
COTL (VX Vi) (Vi Vyy)lrisinfe]
It is straightforward to see that the Euler-Lagrange equation
P - SH Aar( 7V by + oV i) i
—_— —_— . = I = 2__ - = = = = . . 21
i Mo Y ey O T2 (240 82 [(Vyha XV )2+ (Vi V) Ir%sirP 6]
! ' (2.49
indeed yields Eq(2.37).
and
2. Canonical equation of motion

The transformation from the Euler potentiaké,(¢,) to - _ _ 5_H
a set of two scalarsi; , ) is a canonical transformation. ! oy
We gave the canonical formalism in paper I. Now, we con-
sider the canonical equation of motion fgy(i=1,2). Since Ar(yV g+ oV i)
&;= i, the canonical momentum conjugateytois identical =V = s 2. 6, .© > ™
with 7r; given by Eq.(5.21) of paper |. Thus we have (V1 X Vi) 2+ (Vipy- Vipy) 1 ?sir? 6]

<

_ 9t 1
i 4x

T

(AmH(m Vgt mV ) 2+ w%/(rzsinze)}l
[V X Vi) 2+ (Viy - V iy 1 2sirP 6]

1. e e
—_— . 2 I — . — - = =
=g (V2 VIt VTSP O) 1= (Voo Vi) X[szx(Vz//lxVz//2)+(1/rzsin20)V¢1]],
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__JH " AT _dfe
LEr v 5(2)%%——7’52- §<z>07#¢2—7¢1- (3.9
R | 477(7716 Yyt 7726 ) These relations are also covariantly transformed asZEf4)
=V = = = = T under the transformation defined by Ed2.5 and (2.6).
2 2ci
[(Vipr X Vi) 2+ (Vi Vipy) 1 2sirP 6] Further, from Egs(3.3) and(3.4), we find
2 Vi vi 2 21(v2ai
L] AmAm gt moVi)* ml (rPsint6)) F ol L) = (3,ub10\ 2= 0,20, b1 L5 L)
AT LV X Vi) (Vi V) I *sin? )2 ot
(2
o ) 9
XV X (Vi XV i) 1. (2.45
Thus we should treat the two cas@s Fmgﬁ)g(g):o and

Foall){ts#0 separately.

These equations are longer than the corresponding Canon'C%)These two cases are also distinguished by the existence of

equations of motion in paper | apparently. However, actuallythe generator of the flux surface written by a linear combi-
they are.simplified_ because becomes an operator acting on pation of two Killing vectors. Namely, Wheﬁmgftl)g(xazo

the poquaI coordinate only. . holds, there exists a generator of the flux surface written by a
meli?l:)?t;(ri];%ﬁitrailg(:cfrzc.g?redeegliitrtgri;;r:]est?cl ﬁ;‘éiloﬁ'n linear combinzition of two Killing vectors. On the other hand,
fortunately, these are very complex equations. It is diﬁicultwyfggﬁgié)\%ﬁg r?,bt)k/](zreligggscnoorfwEixr:zttigngi??\:\?;o}r(iﬁifr:ge

to discuss solutions and physical contents of these equat|or\1/%ctors_ Inversely, if a degenerate electromagnetic field in-

at this stage. Thus we leave these matters untouched. HOWériant under the action of two Killing vecto and £
ever, our discussions are enough for showing the method fqr 91 &) ndé(z)
as a generator of the flux surface written by a linear com-

applying the general theory of the force-free electromagnetic "> . oA

field to the configuration with one direction of symmetry. Pination of these two Killing vectorsi,, {(1)¢()=0 fol-
Further, it is to be noted that in the foregoing works on thelOWs. A proof is as follows. Let* be a generator of the flux
evolution of the axisymmetric force-free magnetospHéie surface written by a linear combination of two Killing vec-
any closed set of the basic equations for the evolving forcetors- That is,
free electromagnetic field was not given. Equati¢@si4)

— (D pn (2)
and(2.45 complement this major defect. gh=altiyTati), (3.6

where a®V) and a® may be functions of position. Here,

I1l. CONFIGURATION WITH TWO INVARIANT F.,£*=0 holds becausg” is a generator of the flux surface
DIRECTIONS by the assumption. By Eq1.1), we have
A. Classification into two classes ng,,: (a(l)g(vl)%(ﬁz"”a(z)é'f}z)ﬁyfﬁz)%(ﬁl
Now, we are going to study the force-free electromagnetic (1) v @) v
field invariant under the action generated by two Killing vec- — (@701t (5)0,h1) b2 (3.7)
u " S
tS(;r;Si%)sand {(2)- We demand that the electromagnetic fleldAS long asF,, does not vanishd, ¢, and d,d, are two
linearly independent vectors. Thus nontrivigll satisfying
— - F, &= ists if ly if th i
%Fuv—fz(sz—o- (3.0 wE'=0 exists if and only if the equation
. . . {9, {(»dv2 | [aV
First, we consider the general condition on the Euler poten- ( (lV) 2 (ZV) 2 2]=0 (3.9
tials that yields the degenerate electromagnetic fields satisfy- —Lydvdr {0/ \a

ing Eqg. (3.1). The same reasoning as the configuration with

one symmetry direction also holds. Thus, corresponding t§i@S & nontrivial solution ofg,a?). Therefore a generator
Eq. (2.12, two relations of the flux surface written by a linear combination of two

Killing vectors exists if and only if
Fundly=auf @) (b1, 62), Fuxﬁz):%f(z)(ﬁblv‘f’z)(é 3 (o2 {202

—{(1)dvP1 —{(2)0,P1

follow from Eq. (3.1). Here f1y(b1,¢,) and fo)(d1,¢2) ,
are two arbitrary functions of; and ¢,. As Eq.(2.14 re- = (0,10, ¢2— 3,$29,61){(1){(2)
sults from Eq.(2.12), from Egs.(3.2), we have

=Fudt){=0 3.9
E a9 = — It ) =07f<1) 3.3 is satisfied. Inversely, it is evident that a generator of the flux
M Ay’ IR g ' surface&” written as Eq.(3.6) exists when Eq(3.9) holds.

Therefore ifFﬂng‘l)g?z):O, there is a generator of the flux
and surface written by a linear combination of two Killing vec-



2204 TOSHIO UCHIDA 56

. i . — i - — -
tors We refe; tohthls case as case | henc_eforth On the other £§(1)¢l_§(1),9#¢1_0, £§(2)¢1_§(2)3#¢1_0,
hand, ifF ,){(1){(2)# 0, there does not exist a generator of
the flux surface written by a linear combination of two Kill-

= [ = = M~ =
ing vectors. We refer to this case as case II. 2= {dudbe=1, By, 2= {(5)0udn k().

(3.18

without any loss of generality. These equations are integrated
Let us assum§m§f‘1)§(x2)=0. By Eq.(3.5), this implies  easily i_f the Killing vectors are explicitly given. From two of
them, i.e., @(1)¢2=1 and Eg(z)qﬁzzx((ﬁl), we have an ex-
) Ifa) 9 o) _ (3.10  Pression of¢, depending on the ignorable coordinates.
dp1 Iy  IPy s ' Sometimes we can see that it is sufficient to treat case |
only by some reasons. For example, in the stationary and
By means of the same procedure as described in the precegixisymmetric configuration, we can exclude case Il demand-
ing section, we can construct a new set of the Euler potening regularity of the electromagnetic field at the pole. In such

B. Euler Potentials in case |

tials (¢, ,¢,) such that cases, we can derive conditio(&18 more easily assuming
£§(1)¢1=0 only. As discussed in the preceding section,
~ 1, b2) F, (=0 is a too strong condition. Together with
= —_ = = Muvs(1)
$1=Tw(¢1.42), by, hy) 1. (3.13 Falf)in=0, this leads to the condition;£ ¢,=0. Then

Eqgs.(3.1) become
As Eq.(2.22), then we have

£g<l)F,w:3M¢1(9V(£g(l)¢2)_3ﬂ(£g(l)¢2)%¢1:0,
b1 dps £g(2)FW=f?#¢13y(£g(2)¢2)_3#(£§(z)¢2)ﬁﬂ¢1=0-

3.1
Further, from the second of EQgs(3.11), we have 319
I(f (1), F(2))/I(b1,62) =(f(2).f(2))/I(#1,¢2). Thus Egs. For the same reason that E@.4) arises from condition

(3.10 and(3.12 imply (2.2), we find
‘9]12) —0. (3.13 £, 02=f1(d1), £, bo=Ta(b1), (3.20
J
¢z where f,(¢;) and f,(4,) are two arbitrary functions of
Therefore we have ¢,. Thus the same transformation as EQ.7) makes the
Euler potentials satisfy eithef;(¢1)=1 or f,(¢;)=1.
f(z):f(z)(gl)_ (3.14 However, generally we cannot set two Euler potentials to 1

simultaneously. Therefore one integral on the three-surface
of constantp, appears. Thus conditiort3.18 determine the
Euler potentials.
ot 2) _ Substituting the Euler potentials satisfying Ed8.18
—— = k(). (3.15 into Eq.(1.2), we have an expression of the vector potential.
1 However, this satisfies neitheg(%A#:O nor £§(2)A#=O. In
fact, we have

Sincef ) is a function ofé,, we can also write

After substituting Egs(3.12), (3.13, and (3.15 into Egs.
(3.3) and(3.4), it turns out that Euler potentiai$, and ¢,

1
satisfy EfyAu= " 50ub1,
E{( )Elzgﬁ)aualzov £((2)$1:§é)aﬂ’($1:0! 1 q
' ($2)
(3.16 £é<z)AM:§( ¢1I;T:bll—x(¢l))au¢l
and
1 ( dx(éy) ) }
3 p 5 - =04 5 | | br—g (1) |debu .
Eip b2=8(1)0,b2=1, £, o= {l50,01= k(). “Zf Y odey v)me
(3.1 (3.2)

respectively. We have not imposed any condition on theHowever, a gauge transformatiol, A, =A +d,\
functional form off (1) andf ;) so far. Thus the above dis- "\ o o satisfy £7&M :£" X ” OMif
cussion is general. Accordingly, it is always possible to find - P Ay rT T !
Euler potentials obeying Eq¢3.16 and (3.17). Therefore A satisfies
the Euler potentials for the degenerate electromagnetic field
having two directions of symmetry and satisfying
F.v¢(1){(2y= 0 are determined by the conditions

M:

_ 1
Er M= 2 b1
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dr(¢1)

1
£ M= J(¢>1 e K<¢1))d¢>1

2205

dpy I,

It e te)
dpy dp1  (P1,¢2) ’

(3.29

wherek is a constant. Further, we can introduce a new set of

1
- EK(¢1)¢1+J w($r)des. (322 Eyler potentials as
Since¢, does not depend on two ignorable coordinates, Eqgs. Bo=f Fo=—f 33
(3.22 are integrable. d1=F 1) (d1,02), &2 (b1, ¢2).  (3.30
C. Euler potentials in case Il Evidently, Eq.(2.6) holds. Thus¢, and ¢, satisfy
Let us consider case Il. For simplicity, we restrict our _ Jf 1) af(l)
consideration to the space-time in which two Killing vectors {10, b1=——=—=0, §<l>f7#¢2 =1,
gg‘l) and g(”z) commute with each other. Namely, we assume I$2 1 (3.31
Eg(l)é(z): _£§(2>§(1):[§(1) $(2]=0, B23 4
where[ {(1),{(2)] is the commutator of ;) and (). From _ f (2 ~
Eq. (3.23, we have two identities: {20, b1=— ==k, {(50,P2=—==0
dp2 dpy .
gzjl)ay(é‘(uz)aﬂﬁbl)_Z(Vz)av(é‘fil)aﬂd’l):(), (3.32

£1)0(L2)0,ub2) = £(2)0,(L(1)0,$2)=0.  (3.24

Substituting Eqs(3.3) and(3.4) into the above equations, we

get
2
fo) *f2) Rary
Ghi0d, {ydudb1t e {10, b2~ T - {(20,.41
1
- 2)4“#2)‘9#‘#2:0 (329
a3
and
%t
*f2) Eary (1
a¢2 {10, d1t f9¢’ I, ———{{1)0, b2~ f9¢2 (50,01
Ta {t)0,ubo= (3.26

 Ih1ie

Further, substituting Eq$3.3) and(3.4) into the above equa-

tions again, we have

9% (1) af<2)_a2f(1) o P 9ty Py 9,
Ip1dpy Iy a5 Iy IP1dpy Iy Iy Iby
dfq) of of 1) Of
[ @ 9o <2)}: (3.27
é"f’z Iy dpy Iy dP
and
Ip: by Ip1ddy dby  IpE dby  Ibidd, Iy
dfq) of df 1 of
[ @ 9o <2>}: (3.28
69051 dpy dpy Iy IP,

Here the Jacobiai(f 1), f(2))/ (b1, ¢,) is generally a func-
tion of ¢, and ¢,. Thus Eqs(3.27) and(3.28 imply

In the above discussion, we do not impose any restriction on
the functional forms off ;) and f,,. Therefore, in case II,
the Euler potentials are generally determined by the condi-
tions

Eg(l)dnz fﬁl)%d’l: 0

£y, 1= {20, b1=

£, 02={(1)0ut2=1, £, $2={(0,$:1=0. (3.33

The vector potential introduced by E(..2) satisfies

1 1
£§(1)AM=56,L¢>2, £g(2)AM: - EK&#@, (3.39
when the Euler potentials satisfy E®.33. So that a gauge
transformationA —>K#:AM+ d,\ makes the vector poten-

tial satisfy £ A

0P £4(2)AM=0,)\ must satisfy

1 1
£§(l))\:_ §¢21 £§(2))\: EK(ﬁl. (335)

However, this implies

1 1
3K £ EN=5K (3.3

Erpfeah=—
Thus Egs(3.35 are incompatible with each other. Namely,
Egs.(3.39 are not integrable as far as#0. (k=0 implies
F.v{(1{(2=0.) In contrast to case I, the vector potential
satisfying both i;;(l)A,fO and JEg(z)AMZO does not exist in
case Il.

D. Stationary and axisymmetric configuration

The most important application of the force-free electro-
magnetic field with two invariant directions will be the sta-
tionary and axisymmetric configuration. It has already been
studied extensivel1,3]. Thus this configuration is appropri-
ate to clarify the relation between our formalism and the
traditional method, although the results obtained are not new.
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Therefore let us consider the stationary and axisymmetric
force-free electromagnetic field.

1
A0=§(\If1(90\1f2—\['2(9,,‘1f1)
By the assumption, the force-free electromagnetic field

satisfies the conditions 1 dQr
+§ QF_dT\II]_ t_QD (90‘1’1,
£F,,=0, £,F,,=0, (3.37 1
wherek is the stationary Killing vectop,. As described in A :qul_ (3.4
the foregoing subsection, two cases arise. In case I, the elec- ¢ 2

tromagnetic field satisfieg , k“m”=F;,=0. On the other i i i i
hand, in case IIF,,#0 holds. The former is the case studied V& have an expression depending on the ignorable coordi-

in the foregoing works. We will treat this case in the follow- Natest ande. This implies £A,,#0 and A, #0. Accord-
ing. In the latter case, however, the toroidal component of?9 t0 Eq.(3.29, the expression that satisfieg€, =0 and
the electric field becomes singular at the pole as seen belom”.= 0 is obtained by a gauge transformation

Thus it cannot be a solution appropriate to describe the
whole region of the magnetosphere. However, since this pa-
per aims at illustrating the method, we treat this case in th%vith
last subsection briefly. We work in the flat space-time with

the spherical coordinat@.26 again.

A, —A,=A,+d,\(T,0), (3.42

1
EﬂawuwyifﬂawudWJt
(3.43

1
1. Euler potentials and electromagnetic field

Substituting the explicit forms of the Killing vectors into

Egs.(3.18, we can integrate these equations as Indeed,ﬂﬂ becomes

Dp1=V1(r,0), P=o—Qp(Vt+Wy(r,0).

(3.38

In the above equations, we rewritd'V;) to —Qg(¥;) so
as to agree with the conventional notation. Furthi, is

introduced to make the notation symmetric. These are the
general forms of the Euler potentials. The components of th

electromagnetic field then become

Fiu=QrdVy, Fp=Qpdg¥,, F,=0, F =9V,

¢

Foo=0gV1, Frg=9V199V,—09,V,9,V;.

(3.39

B ~ 1
At:_fQF(q,l)dqfl, Ai=5 (W10, W,= W0 W),

=

Ry=>(V10,V,—V,0,¥,), A,=T,. (3.44

N

f this expressiony’; becomes the component of the vec-
tor potential and hence coincides with the stream function of
the poloidal magnetic field lines in the traditional method.

Suppose a gauge transformation such tiei—A,+

a,f(¥,,¥,). The vector potentials derived fro'ﬁnﬂ by this
gauge transformation all satisfy&,=0 and £,A,=0. Un-
der these gauge transformationsA;=A, k* and

Equations(3.39 show that ourV¥, is equivalent to the A =W¥;=A m* are invariant. NamelyA; and A, are in-
stream function of the poloidal magnetic field in the tradi- variant quantities among the vector potentials satisfying

tional method. Similarly, we can also see ti{ag(V,) in-

£,A,=0 and £,A,=0.

deed corresponds to the angular velocity of the poloidal mag-

netic field lines[1,3].
Note that¥, appears only through, ,. Further, from Eq.

2. Force-free equation

Let us consider the force-free condition. For illustrative

(3.39, we can see tha¥’, contains indeterminacy. It is de- ,oses, first, we are going to summarize the traditional
termined within the arbitrariness arising from the transformas e atment briefly and then treat the same problem by the

tion as

\I’ZH\Pz‘}‘f(qfl), (34@

wheref(¥,) is an arbitrary function of";. The vector po-
tential defined by Eq(1.2) becomes

1
A'[: - EQF\Pl’

1
Arzz(‘Plar‘l’z_‘Pzar‘l’l)

A
2

40,
(QF_ d_\Iflqil)t_(P}ar\Pl’

present formalism.
Sinced,=d,=0,J" andJ?’ are given by

4\ [—gI=0y(N—gF'?), 4m—gd=—0o,(J-gF?),
(3.45

respectively, where/—g=r2sind. From Fi,=0,t and ¢
components of the force-free equation, we have

O W1y(N—gF"") =3,V 10,(V—gF")=0. (3.40
This implies thaty—gF"? is a function of¥,. That is,
V=gF '=r%singF" '=B(V). (3.47)

Then the poloidal components of the current are written as



1 dBg

B g 1 dBy
47\—¢g dw, "t

———0,Y;.
4m7\—¢g dw, "+
(3.48

J’ J0=

Substituting Egs.(3.48 into r and § components of the
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equations, we have two equations By andW¥,. However,

the same equations are derived from the action principle
more easily. Substituting Eq€$3.38 into the Lagrangian
density£=\—gL, we have

: r2sing( 1 s 1 )
force-free equation, we have =~ s ?(1—13 Q)| (0, ¥,)%+ r—z(&g\lfl)
= Qp (W) — Br 4Bl w.—0 1
RV Amr2side dv, | AT + r—z(ar«pla,,«lfz—ar\pzagqu)z]. (3.55
(3.49
whereA=r. 6. Thus we have The Euler-Lagrange equation fdr, yields
Br  dBy e (1-w2 L B P
Jw_QF(qjl)Jt_md_\Pl:o. (3.50 o Sin0(1 wOg)d, ¥y "’r dg Sinﬂ(l w QF)r gV,
. I . dQg 1
By straightforward calculations)' andJ¢ become +r2$m09FdT (0, 1)%+ 5 (0,¥1)?
1 r
ye- o L (r2singea, vy + 3, [SINO(,W 19,W 5~ 3, W05 1) 10,
=9 — 9,[SING(3, W 10,¥ ,— 8, W ,3,¥1)]9,¥,=0. (3.56
1 1
+F(99( rzsinHQFFao\Iflﬂ (3.5)  Dividing Eq. (3.56 by r2sing, we have an equation identical
with Eq. (3.53 except for the last term. The Euler-Lagrange
and equation for¥, leads to
1 1 1 1 ao[sme(&rqflaowz_‘9rq,2‘90\1’1)]‘9rqfl
[ N _ I .
Ry ‘9r(sma‘?r‘1’1 T ‘90(sme : ‘90‘1’1”- ~ [ SING(3r W 105W o= ¥ 204%1)]04¥ 1 =0.
(3.52 (3.57
Thus Eq.(3.50 becomes This equation is identical with Eq3.46. We can integrate
1 40 B. dB this equation and have Eq3.54). Substituting integral
V. 7(1—113(2%)%1% +Qp FV*\I,l,V*\I,ﬁ_ 7T T B1(¥,) into the last two terms of E(3.56), it becomes
W dqfl W dqll
-0 35 OB W10V = 3 = L 95T (35
=0, (3.53 d_‘lfl(ar 109V 2= W2dy 1)_Wd_\lfl' (3.58

wherew is the cylindrical radius, i.egg =rsiné. This is the
well-known pulsar equatioftransfield equation[1-3] that

decides the structure of the stationary and axisymmetrk];e

force-free magnetosphere.

Note thatW, does not appear at all in the above discus-
sion. Evidently, this is becaus#, appears only through
F., in the electromagnetic field as E@.39, andF, , itself
is expressed by a function & ; as Eq.(3.47. Indeed Eq.
(3.47 is also written as

Thus we get the pulsar equati¢d.53.

From the above discussion, we can understand general
atures of the force-free electromagnetic field with two in-
yariant di_rectio_ns satisfyin@w,gf‘l)g_(vzfo. I_n thi_s t_ype of
field configurations, one of two basic equations is integrable.
As a result, one of two Euler potentials is hidden behind the
integral written by the other Euler potential. Further, one
integral is already contained in one of the Euler potentials as
Eq. (3.38. Consequently we have two integrals. Therefore

this type of force-free electromagnetic field can be described
by one Euler potential together with two integrals written by
this Euler potential. The other Euler potential is required
only in problems that are concerned with the flux surface or
the magnetic field line.

1
I W19g¥ 2= 9V 20,¥ =50 Br(Vy). (3.59

This is the equation fo®,. It decidesW¥, within the arbi-
trariness of Eq(3.40. However, in the traditional approach,
the integralB+(W,) eliminates¥,. Thus we can complete
the whole analysis on the stationary and axisymmetric force-
free electromagnetic field without mentionifg, at all. This The Euler potentialp, depends on time even in the sta-
is the reason the traditional method can describe the statioionary and axisymmetric configuration as E¢%.38. Thus
ary and axisymmetric configuration by one stream functions,, one of the dynamical variables in the time-dependent
Equation(3.54) is required only when we want the informa- axisymmetric configuration, has a specific time-dependent
tion on the magnetic field lines or the flux surface. form in the stationary limit. Thus the stationary axisymmet-
Next let us treat the same problem by the present formalric limit is not realized by setting the first and the second
ism. Substituting the Euler potentia(8.38 into the basic time derivatives of; and ¢, to zero.

3. Approach to stationary state
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In the stationary and axisymmetric state the Euler poten- 1 1 2
tials have the form of Eqs(3.38. Comparing Eqs(2.29 |SW[‘I’1]:_EJ 21— ="QF)
with Egs.(3.38), we see thaty; and ¢, behave as

Pa(t,r,0)—Wy(r,0), X

1
(9, %)%+ r_Z(anfl)z}

Po(t,r,0)— —Qp(Vt+Vy(r,6), (3.59 —%B%(\Pl)]rzsinadrde, (3.69

as the system approaches the stationary state. From EghereW, is the field variable. In this subsection, we clarify
(3.59, we further see that the relation between these two action principles. Then it
turns out that a force-free electromagnetic field with two in-
(Y1, 02)—(0,—Qp),  (ih1,4,)—(0,0), (3.60 variant directions satisfying=,,,{(1){(»y=0 generally has
Scharlemann and Wagoner's type action. We show a method
respectively in the stationary limit. Then we can show thatl© construct Scharlemann and Wagoner's type action from
two components of Eq2.37) tend to Eqs(3.56 and(3.57) the action of the force-free electromagnetic field given by
substituting these limiting behaviors gf and ¢, . Eq. (1.4,
Similarly, the time derivatives of the canonical variables

also do not vanish in the stationary and axisymmetric limit.

From Eq.(2.41) and the first of Eq(3.60), it turns out that Let us begin with an example in the particle dynamics.
(m,,,) becomes We consider a Lagrangian that has two degrees of freedom

with one cyclic coordinate, i.e.,

1. Modified Lagrangian

1 N R 1 R R . .
(771,772)—>(E(V\I’1~V‘I’2)QF,—E(V‘I’rV‘I’l)QF), L:L(qqulqu)' (366)
(3.6)  The Euler-Lagrange equation fgp yields an integrap as
in the stationary limit. Differentiating Eq(2.41) and also aL .o
using Eqs.(3.60, we also find 5(‘11,%,(12): p. (3.67)
2

. dQp . - i i ; : it
(Trlywz)_)( _ FV\If1~V\PIQF,O). (3.62 _Solvmg t.hIS equation for g,, it is . expressed- a§
dwv, a,=x(d1,9;1;p). Let us denote any function or equation in
which q, is replaced by(q;,q;) by adding( ). After elimi-

Thus Egs(2.49 tend to equations natingg,, the equation of motion fog, becomes

dQg - - - - 1 . d/ dL aL
—d—\PlQF(V\IfrV\Ifl)—V-[—QFV\IflJr mV\Ifl a<£>—<a—ql>=0. (3.68
1
+VW,x (VI X v*qu)} The problem we are concerned with is to look for a Lagrang-
ian that directly derives this equation as the Euler-Lagrange
(3.63  equation. By the relations
(L aL JL \ o oL J
and AL) >=<—>+ —_— —X=<—>+D—X (3.69
aq; |\ dax dgy/ 991\ 901 a0

0=—V-[V¥,X(V¥;XVV¥,)], (364

whereV is an operator in the poloidal space. Therefore we (L) < Il > < g|_> ay < a|_> ay
= —)+({— — ) +p—=

can integrate the second of the above equations easily. Sub- —— : — T T\ - P—.

stituting the integral into the first equation, we arrive at the 99 90 902/ 901 901 90 (3.70

pulsar equation. :
we find

E. Scharlemann and Wagoner’ s action principle

In the foregoing subsection, we have derived the equation i - fi(<|_>_ PX) <£> = i(<|_>_ PY).
of motion from the variational principle. However, there ex- dq1 dq1 ’ aq./  dq
ists another action principle that leads to the pulsar equation. (3.71
Namely, Scharlemann and Wagoiigt showed that the pul-

sar equation(3.53 is derived from the action Thus if we define a new Lagrangidnas
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— . aL
L(ql,q1)=<L>—px=<L>—<f>x, (3.72
d0;
the Euler-Lagrange equation derived frartq,,q;) leads to
Eqg. (3.69. L is called the modified Lagrangiaf¥] and
—T is called the Routhiaf5].

2. Derivation of Scharlemann and Wagoner’s action

Action (3.59 vyields Eq. (3.56 as the Euler-Lagrange
equation for¥ ;. Substituting integraB into this equation,

L L L AaV,)
HoWy) Ay | oy a(aVy)
_dL d / oL
(V) +<9(<9j‘1’1)\¢“7(f7i‘1’2)
0 oL
_(a(a,-w W)

5i‘1'2)

)&i\I’Z, (3.78

whered/ gV, and d/J(d;¥,) denote the total derivatives in
which the dependence &fW¥, on ¥, or ;¥ is taken into

V¥, is eliminated. Then we have the pulsar equation. Thiccount. Evidently,o/d¥, and d/9(d;¥,) commute with

procedure is analogous to derivation of E8.68. We shall
investigate this analogy in some detail.

Let us denote any function from which, is eliminated
by means of ) again. Then the pulsar E¢B.53 is written

as
oL L\ .
v, Y] = .73

where we abbreviatea/a‘lf1|q,2:Const as d'lo¥, and
‘9/07(07”1'1)|\I'2:constasa’/07(07iqjl)-
Integrating the Euler-Lagrange equation fbs, we have

Eq. (3.54. However, this equation does not determine

;' ¥, uniquely. Thus we cannot solve this fer¥,. In fact,
Eq. (3.54) determines¥, within the arbitrariness of Eg.
(3.40. Namely, 9;¥, is not a function depending only on
¥, andg;V,. However, differentiating Eq.3.50 by ¥, and
;¥ 4, we have relations

AgV¥3) (3, V>) 1 dBy
¥y - dgW1= >~
A A sing d¥,;

(3.79

P DY P,
VotV —
Vot i

9,V,=0, (3.79

arqfl
and
ANdgVy) (0, W)
-9, W,+ 9,V 0. o, dy¥,=0.
(3.79

(), butg’/ow, andd’'/d(;¥,) do not. Introducingl as

— aL
£=<£>—<mé’iq’2>, 3.79

from Egs.(3.77) and(3.78, we have

J'L L\ L aL
o, Moy T o, ey

v J oL
N\ gy saw,)

( d oL )
“\a\ VGG aavy |

(3.80
After some calculations, we find
v d L 3 B dBr -
I 20w, d(a,¥,)|  4msing W, (3.8D
and
d oL By dBr
9| di¥2 =
! (V1) d(3;¥,) 4asing dW
(3.82

Thus the last two terms of E¢3.80 vanish. Accordingly,
we can conclude that yields the pulsar equation as an

Equation (3.54 holds irrespective of the arbitrariness in Euler-Lagrange equation. In fact, we can see handeed
¥,. Thus these relations are also satisfied independently @fives the Lagrangian density of Scharlemann and Wagon-
the arbitrariness in¥,. Further, we can show that all the er’s action.

derivatives ofg; W, appearing in the following are expressed

Formal analogy between the modified acti@72 and

by these forms. Thug; ¥, can be treated as a function of £ is evident. Thus Scharlemann and Wagoner's action is

¥, and g,V ;.

Using these relations, we have
L 'L N aL  dd;¥,)
oV, oV, IV, oV,

_ 'L N 1% / aL
T oV, 9\ d(0,Y,)
J aL
av, d(9;V¥5)

¢9i‘1’2)

)aixpz (3.77)

and

considered as the modified action of the act{@rb5. Fur-

ther, it is also evident that we can construct the modified
action like Scharlemann and Wagoner’s action in the con-
figuration that has two invariant directions and satisfies

Ful(nf(2=0.

F. Stationary and axisymmetric configuration
with nonzero Fy,

Now, we shall considefF , k“m”=F,#0 case. Integrat-

ing Eq. (3.33, we get the Euler potentials as

1=t in(r,0), dr=re+i(r,0), (3.83
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where « is a constant. The components of the electromagsatisfies £A,=£,,A,=0. However, we can find an expres-
netic field then become sion that satisfies either of8,=0 or £,A,=0. For ex-

ample, a gauge transformation As—A ,=A_+4d,\ with
Ftr:(erzDZi Ftﬁz&ﬁlrl/Zv Ft<p:K1 Frgo:Ké’rlzbli P gaug §4> s m ®

Foo=Kdoh1, Fro=0p1dgha—dp2dgipr. (3.84 )\=—%f qbzdt:—%(xcpﬁ- o)t (3.89

This means that the component of the electric fielf,, , _ _
the component with respect to the orthonormal basis vectomakesA , satisfy equation €A, =0.
is given by

. . IV. SYMMETRY AND CONSERVED FLUX
E(py=—(1rsind)F,= — k/rsind. (3.89
A. Derivation of Noether’s identities

Thus E(,) becomes singular at the pole. Therefore, in the h | lati b h q .
case of the stationary and axisymmetric configuration, the ere are close relations between the conserved quantities

solution Owagﬁ)g(Vz)#O type is unphysical as solutions and the symmetry of the system. In our theory, the geometry

containing the pole. However, this does not imply that solu-Of the conserved vector flux closely relates to the geometrical

. : ; . I symmetry of the configuration. Namely, the symmetry of the
tions of this type are always unphysicélhe singularity in ; .
. . . : . system determines the surfaces along which the conserved
the stationary and axisymmetric configurations probably . . L .
. L . vector fluxes flow. Since our basic equation is derived from
comes from the fact that the trajectory of Killing vectaris

. A he action principle, we can apply Noether’s identit[€3
closed) The purpose of this section is to present a meth()(}systematically to this problem. Thus first we derive Noet-

for handling the configuration with two symmetric direc- 's identiti d h d fl in th
tions. Since the existence of the singularity does not spoigerSI entities and express the conserved vector fluxes in the
: ppropriate forms for this purpose.

this purpose, we complete the formulation. : i .
A ; . : The Lagrangian density of the present theory is a four-
Substituting the Euler potential8.83 into Lagrangian scalar density written as

density(1.4), we have
£=£[8M¢11&#¢219ﬂv]' (41)

Lie differentiating this equation with respect to an arbitrary
vector fielde#, we have

B r2sing( «
8w |r%sirfe

1
(drhr)?+ r_z(é’e'//l)z}

1
+ r—z(ﬁr Y19 gtha— 0y 20 gi1)

aL aL
d,(Le")=————£(d,1)+ ————E£(9
1 K2 ,U,( € ) (?((7#(151) ( ,u¢1) é,(é,ﬂ(ﬁz) ( M¢2)
—{(ﬂrlﬂz)z‘*' r—z(aolﬂz)z"'m ] (3.86 o
+ a—££gw. 4.2
Then two Euler-Lagrange equations are given, respectively, Yur
by Integrating by parts, we have
1 1
2l 5|~ Zol - i oL oL
K ar(sinﬁarwl) T 50( rsing 39%) + 0, [SINO(0; h19g3h2 0==0d, 3(d,¢1) Eed1mdu Wby £, b,
® ®
= 0y 20 gtp1) 10 gtha— [ SINO( I, b1 gihr2 oL oL
+4 £+ £.p,— Le*
— b2 ) s 2= 0 (3.87 R AT S G
aL
and g, 4.3
ag/.w

3, (r2sirP 00, 1) + 9,4(SINBI 1)
. We have introduced the metric energy-momentum tensor
+ 9,[SINO( I, 10 gtho— 9, o0 J

LSINGIr a9 gz = drhzda) 1o THY by T'=(2/—g)aLl4g,,, in paper I. Further, we also
— gl SINO(I; Y10 gthry— I, Y20 gth1) 19, 1 =0. define the canonical energy-momentum tensor by

(389 1 o

aL
These are two independent components of the force-free T”L_\/?g 3(d,é1) o1t 3(d,,¢)
equation. In contrast to the,,=0 case, we can integrate (4.4
neither of the two force-free equations immediately as Eq.
(3.57. Thus we have to deal with two coupled equations forln the right-hand side of Eq4.3), the first and the second
Y, andy, simultaneously even under the stationary and axiterms are the equation of motigh.3). Thus they vanish if a
symmetric condition. This is a general feature ofsolution of the basic equation is substituted for the Euler
F.v{(1){(2#0 type solutions. potentials. Under this condition, E.3) is written as

As already mentioned, there does not exist a vector po- \ \
tential that yields the electromagnetic fieg[8.84 and also (TR=THV "= (V,T)e"=0. (4.5

2= L.
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In the above equatiorg, is an arbitrary vector field. Thus Since bothk# and m* have no poloidal components, the
we can specifys, andV e, independently at any given poloidal components of two vector fluxes relate as
point. Thus Eq(4.5 implies
ef=QplA  A=r,6. (4.11)

V=T, V,T}=0. (4.6)
Namely, the energy and the angular momentum flow along
These simple relations are Noether’s identities, arising fronihe same lines in the poloidal space. Further, making use of
the general covariance of the theory. The metric energythe explicit form of Lagrangian densitjt.4), we find

momentum tensor coincides with the canonical energy-

momentum tensor in our theory. In other words, the spin 1 oL 1 Fivy @ = 1 Fuhy
density vanishes identically as expected from the fact that the V=g 9(d,.b>) T 4 aV‘l’l_E In¥1-
basic variables are scalars. From E@s6), further we have (4.12

v, T{=0.
Let {# denote a Killing vector field. Further, [€1#[{] be  Thus we have
the metric vector flux vector with respect foand P#[ {] be
the canonical vector flux with respect fo Namely, IT#[ {] et W =1"9,¥,=0. (4.13

andP#[{] are defined b
Y Thus the energy flux and the angular momentum flux flow

MU ]=TE,  PH =T, 4.7 along the poloidal field surface, i.e., the surface of constant
W, in the three-space of constant time. Relatioch4d2 and
respectively. From the Killing equatior¥] ,IT“[{]=0 fol- (4.13 are well known in studies of the stationary and axi--
lows. Further, using the expression fff, we have symmetric force-free magnetosphere. The present analysis
shows that these are direct results of the symmetry and the
A {]=PH[ ] form of the Lagrangian density.
1 oL oL 2. Stationary and axisymmetric configuration with £+ 0
=— £t £, d— LI*|. . . . .
\/__g 3(d,,¢$1) 3(d,¢2) We will consider theF,# 0 type stationary and axisym-

metric configuration. By the form of the Euler potentials
(4.8 (3.83, we have

Although this equation seems trivial, the expression of the

right-hand side gives a useful tool for studying the relation et = _L L_Eku},
between the conserved vector fluxes and the symmetry of the v—d (9, b1)
system. This is because it is written by the Lie derivatives
with respect to the Killing vector that directly reflect the 1 { oL
symmetry of the system. [H =] ————k— Lm*|. (4.14
ymmetry y =gl d(d,2)
B. Properties of conserved vector flux Since
1. Stationary and axisymmetric configuration with £=0
. 1 aL 1

The properties of the energy flux and the angular momen- — ————=— —F"9,¢,,
tum flux in the stationary and axisymmetric configuration of V=g (9u#1) 4m
F.,=0 type are already well known. Thus this configuration
is appropriate to illustrate our method. 1 L ,

Let k* be the stationary Killing vector anth* be the —\/_— 0.y 2.7 v, (4.19
axial Killing vector. Then the metric energy flux vectet 9 ”
and the_ metric angular momentum flux vedtbrare defined, together withk“d, ,=0 andm#d,b,=0, we have
respectively, by # "

e’d,$,=0, 1#9,¢,=0. (4.19

et=—THk,=—TI#K], [1#=T#*"m,=IT#m].
(4.9 Thus the energy flux flows along the three-surface of con-

stant¢,. On the other hand, the angular momentum flux flow

By Eq. (4.8), these fluxes are identical with the canonical along the three-surface of constafy.

ones. From the Euler potentid3.38 and Eq.(4.8), we have
3. Time-dependent axisymmetric configuration

el’-:i LQFLU(#}, In the case of the time-dependent axisymmetric configu-
V—gld(dud2) ration, we have
1 1 L
| 9L e, (4.10 == ——Em”}’ (.17
,/_g &(&M(bz) —g &(au¢2)
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from the Euler potential.29. By means of Eq(4.15 and  Another example of the configuration with one direction of

m“d,¢,=0, we find symmetry is the obliquely rotating pulsar magnetosphere. In
u B this case, the electromagnetic field is invariant under the ac-
1%9,,¢1=0. (4.18 tion generated by a linear combination of the stationary and

Therefore the angular momentum flux flows along the three@Xial Killing vector. The example of the configuration with

surface of constani,. On the other hand, the energy flux twp directions of symmgtry treated here is the_stationgry and
does not have such a geometric property. axisymmetric configuration. Probably another interesting ap-
plication is the nonlinear plane wave. The plane wave is the
simplest dynamical problem. In addition to this point, any
wave tends to the plane wave in the region sufficiently away
We have illustrated a systematic method to deal with thérom the source. Thus this yields insight into the wave zone
force-free electromagnetic field with symmetry. Togethersolution of the force-free electromagnetic field in the ob-
with the theory given in paper |, our theory will extend ap- |iquely rotating pulsar magnetosphere. We plan to treat these
plicability of the force-free approximation considerably. It gpplications elsewhere in future works.
allows us to study the magnetospheres under various condi-
tions for symmetry from the unified point of view.
In_thi_s work we ha\_/e studied the time-dependent_ axisym- ACKNOWLEDGMENTS
metric field configuration as an example of the configuration
with one direction of symmetry. We can apply this example | wish to thank I. Okamoto and O. Kaburaki for their
directly to the evolution of the axisymmetric magnetospherecontinuous encouragement.
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