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Theory of force-free electromagnetic fields. II. Configuration with symmetry

Toshio Uchida
Division of Theoretical Astrophysics, National Astronomical Observatory, Mitaka, Tokyo 181, Japan

~Received 17 December 1996!

We develop a method for applying the general theory of the force-free electromagnetic field given in the
preceding paper to configurations with some symmetry. The electromagnetic field configuration invariant
under the action generated by one Killing vector and the configuration invariant under the action generated by
two Killing vectors are studied. The Euler potentials have specific forms when the electromagnetic field has
symmetry. General forms of the Euler potentials in these two cases are determined by the symmetry assumed.
As an example of the configuration with one invariant direction, the time-dependent axisymmetric configura-
tion is studied. The example of the configuration with two invariant directions is the stationary and axisym-
metric configuration. The relation between the present theory and the traditional way to treat the stationary and
axisymmetric configuration is clarified. Lastly, using Noether’s identities, we clarify the relation between the
geometrical properties of the conserved fluxes and the symmetry of the configuration.
@S1063-651X~97!03108-5#

PACS number~s!: 41.20.2q, 95.30.Qd
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I. INTRODUCTION

In the preceding paper~henceforth referred to as paper I!,
we have presented a general theory to deal with the fo
free electromagnetic field. In that paper, we have treated
force-free electromagnetic field by a field theoretical meth
that is free from the symmetry of the field configuratio
Indeed, the force-free electromagnetic field was describe
a nonlinear scalar field theory for two Euler potentials. Sin
the motivation of that paper is formulation of a gene
theory, a viewpoint that does not depend on any symmetr
the configuration was stressed throughout. In many as
nomical applications, however, we treat field configuratio
with some symmetry. Although real astronomical bodies
not have any exact symmetry, of course, some approxim
symmetry exists in many cases. Generally, the condition
the symmetry greatly simplifies the mathematical analy
Therefore development of a systematic method for apply
the general theory of the force-free electromagnetic field
configurations with some symmetry is necessarily a next s
of our investigation.

As shown in paper I, a force-free electromagnetic fie
Fmn , more generally a degenerate electromagnetic field
written by two Euler potentialsf1 andf2 as

Fmn5]mf1]nf22]mf2]nf1 . ~1.1!

A two-dimensional surface on whichf1 andf2 are constant
is called the flux surface. A tangent vector field of the fl
surface is called the generator of the flux surface. The the
of the force-free electromagnetic field is a geometric the
largely based on the existence of the flux surface. The
surfaces introduce the magnetic field lines on a given th
space. Namely, the magnetic field line is an intersection
tween a flux surface and the three-space. An expressio
the vector potential that yields the electromagnetic field~1.1!
is given by
561063-651X/97/56~2!/2198~15!/$10.00
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1

2
~f1]mf22f2]mf1!. ~1.2!

Of course, the vector potential cannot be determin
uniquely. The arbitrariness in the vector potential is clarifi
in paper I.

Combining the force-free equationFmnJn50 @1# with a
Maxwell equation, we have

]nf1]l$A2g~]nf1]lf22]nf2]lf1!%50,

]nf2]l$A2g~]nf1]lf22]nf2]lf1!%50. ~1.3!

This is the basic equation of the force-free electromagn
approximation. The basic equation is derived from an act
principle. The Lagrangian scalarL that yields Eq.~1.3! is

L52
1

16p
~]nf1]lf22]nf2]lf1!

3~]nf1]lf22]nf2]lf1!. ~1.4!

In this work we will develop a method for applying thes
equations systematically to the configurations with so
symmetry. In configurations with symmetry, the Euler pote
tials must have specific functional forms so as to embody
symmetry in the electromagnetic field. We can decide t
specific form indeed by the given requirements for the sy
metry. Further, as we will see, this formulation enables us
see the relation between the symmetry of the configura
and the properties of the conserved flux by means of No
her’s identities.

The plan of this paper is as follows. Section II treats co
figurations that have one invariant direction. The forms
the Euler potentials are determined. As an example, the ti
dependent axisymmetric case is examined. In Sec. III
treat configurations that have two invariant directions. W
show that generally two cases may arise. The forms of
Euler potentials are determined in each of the two cases
2198 © 1997 The American Physical Society
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56 2199THEORY OF FORCE-FREE . . . . II. . . .
an example, the stationary and axisymmetric configuratio
considered. Further, the relation between the traditional tr
ment of the stationary and axisymmetric configuration a
our theory is clarified. In Sec. IV relations between the g
metrical properties of the conserved flux and the symme
of the configuration are discussed making use of Noeth
identities.

The metric signature (2111) and the units in which
c5G51 are used as in paper I.

II. CONFIGURATION WITH ONE INVARIANT
DIRECTION

A. Restriction on the Euler potentials

Let us begin with the degenerate electromagnetic fi
invariant under the action generated by one Killing vect
Let zm denote the Killing vector field. We assume that t
degenerate electromagnetic field satisfies

£zFmn50, ~2.1!

where £z is the Lie derivative with respect tozm. We look
for the general forms of the Euler potentials that yield t
force-free electromagnetic field satisfying Eq.~2.1!. Here,
we derive the conditions for the Euler potentials by a heu
tic argument first and later discuss generality of the con
tions.

At first sight, it seems that the condition £zf i50
( i 51,2) is adequate. Of course, this yields an electrom
netic field satisfying condition~2.1!. However, this is not a
general condition. In fact, this requirement makes the e
tromagnetic field satisfyFmnzn50. This implies that three o
six components of the electromagnetic field tensor van
identically. For example, ifzm is the stationary Killing vector
] t5k, then Fti50 (i 51 –3! follows. This implies that the
electric field vanishes identically. Thus, if £kf i50(i 51,2)
is a general condition for £kFmn50, we must conclude tha
the stationary degenerate electromagnetic field cannot h
the electric field at all. Evidently, this is a too restrictiv
condition. Therefore we examine the consequence of
condition

£zf150. ~2.2!

Lie differentiating Fmn with respect tozm under condition
~2.2!, we have

£zFmn5]mf1]n~£zf2!2]m~£zf2!]nf1 . ~2.3!

Obviously, we have £zFmn50 if f2 satisfies

£zf25zm]mf25 f ~f1!, ~2.4!

where f (f1) is an arbitrary function off1. Thus not
£zf250 but condition~2.4! is sufficient for Eq.~2.1!, if Eq.
~2.2! is assumed.

Equations~2.2! and ~2.4! seem to be general condition
for the Euler potentials. Further,f (f1) appears like an inte
gral on the three-dimensional surface of constantf1. How-
ever, there is room for further simplification. Namely, w
can setf (f1)51 without any loss of generality except fo
the case in whichf (f1) vanishes identically. In fact, a
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shown in paper I, two sets of the Euler potentials (f1 ,f2)
and (f̃1,f̃2) give the same electromagnetic field if they r
late as

f̃15f̃1~f1 ,f2!, f̃25f̃2~f1 ,f2!, ~2.5!

with

]f̃1

]f1

]f̃2

]f2
2

]f̃1

]f2

]f̃2

]f1
5

]~f̃1,f̃1!

]~f1 ,f2!
51. ~2.6!

The Euler potentials are determined within this arbitrarine
Making use of this arbitrariness, we can introduce a new
of the Euler potentialsf̃1 and f̃2 as

f̃15E f ~f1!df1 , f̃25
1

f ~f1!
f2 , ~2.7!

from the Euler potentials satisfying Eqs.~2.2! and~2.4!. The
exception is the case in whichf (f1) is identically zero. Evi-
dently, Eqs.~2.7! are an example of the transformation d
fined by Eqs.~2.5! and~2.6!. In fact, it is easy to see that thi
transformation does not change the electromagnetic field
equations~2.2! and ~2.4!, f̃2 satisfies £zf̃251. Of course,
£zf̃150 is still satisfied. Therefore the Euler potentials th
yield a degenerate electromagnetic field invariant under
action generated byz satisfy

£zf150, £zf251, ~2.8!

except for the special case

£zf150, £zf250. ~2.9!

The latter corresponds to theFmnzn50 case mentioned
above. Equations~2.8! and~2.9! are differential equations fo
the Euler potentials. Thus once the Killing vectorz is given
explicitly, we can decide the forms of the Euler potentia
solving these equations. We will illustrate this procedure
the next subsection.

Next, let us show that condition~2.8! or condition~2.9! is
in fact a general condition. From Eq.~2.1!, we have

]m~Fnlzl!2]n~Fmlzl!50. ~2.10!

This implies thatFmlzl is written asFmlzl5]m f by a func-
tion f . Let jm be a generator of the flux surface. Name
jm is a vector field satisfyingFmnjn50. Then we have

jmFmlzl5jm]m f 50. ~2.11!

This means that]m f is orthogonal to the flux surface. Thu
f is a function of the Euler potentials. Thus we have

Fmlzl5]m f ~f1 ,f2!, ~2.12!

wheref (f1 ,f2) is a function off1 andf2. Substituting Eq.
~1.1! into Fmn in the above equation, we have

]mf1~zn]nf2!2]mf2~zn]nf1!5
] f

]f1
]mf11

] f

]f2
]mf2 .

~2.13!
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So long asFmn does not vanish identically,]mf1 and
]mf2 are independent. Comparing both sides of the ab
equation, we find the relations

£zf15zm]mf152
] f

]f2
, £zf25zm]mf25

] f

]f1
.

~2.14!

Here we should note that Eqs.~2.14! are transformed ‘‘co-
variantly’’ under the transformation of the Euler potentia
defined by Eqs.~2.5! and ~2.6!. Namely, the same relation
as Eqs.~2.14!, but in whichf i is replaced byf̃ i , are satis-
fied by any set of (f̃1 ,f̃2) if f̃ i relates tof i as Eqs.~2.5!
and ~2.6!. A proof is as follows. Regardingf̃1 and f̃2 as
functions off1 andf2, we have

zm]mf̃15
]f̃1

]f1
zm]mf11

]f̃1

]f2
zm]mf2 ,

zm]mf̃25
]f̃2

]f1
zm]mf11

]f̃2

]f2
zm]mf2 , ~2.15!

and

] f

]f1
5

]f̃1

]f1

] f

]f̃1

1
]f̃2

]f1

] f

]f̃2

,

] f

]f2
5

]f̃1

]f2

] f

]f̃1

1
]f̃2

]f2

] f

]f̃2

. ~2.16!

We substitute Eqs.~2.16! into Eqs. ~2.14!. Further, we re-
place zm]mf i( i 51,2) in Eqs.~2.15! by Eqs. ~2.14!. Then
together with ](f̃1 ,f̃1)/](f1 ,f2)5](f̃2 ,f̃2)/](f1 ,f2)
50, we have

zm]mf̃152
]~f̃1 ,f̃2!

]~f1 ,f2!

] f

]f̃2

, zm]mf̃25
]~f̃1 ,f̃2!

]~f1 ,f2!

] f

]f̃1

.

~2.17!

Thus](f̃1 ,f̃2)/](f1 ,f2)51 guarantees

zm]mf̃152
] f

]f̃2

, zm]mf̃25
] f

]f̃1

. ~2.18!

Therefore we have the same form of equation as Eq.~2.16!
for f̃1 and f̃2.

Using this property, we can find a new set of the Eu
potentials that transforms Eqs.~2.14! to the form of Eqs.
~2.8! or Eq. ~2.11!. The following two cases should be con
sidered separately.

~i! When ] f /]f150, f becomes a function off2, i.e.,
f 5 f (f2). Thus Eqs.~2.14! become

zm]mf250, zm]mf152
d f

df2
5k~f2!. ~2.19!

This is equivalent to Eq.~2.4! except for the point thatf1
andf2 are exchanged. Thus we can construct the Euler
tentials satisfying Eq.~2.8!.
e

r

o-

~ii ! When ] f /]f1Þ0, we can find a transformation tha
satisfies f̃1(f1 ,f2)5 f (f1 ,f2) in addition to conditions
~2.5! and~2.6!. In fact, by virtue of] f /]f1Þ0, we can solve
f̃15 f (f1 ,f2) for f1. Thus we have

df1`df25
]f1

]f̃1

df̃1`df2 . ~2.20!

Defining f̃2 as

f̃25E ]f1~f̃1 ,f2!

]f̃1

df2 , ~2.21!

thus we arrive at df1`df25df̃1`df̃2, i.e.,
](f̃1 ,f̃2)/](f1 ,f2)51. Since the definition off̃1 implies
f (f̃1 ,f̃2)5 f „f1(f̃1 ,f̃2),f2(f̃1 ,f̃2)…5f̃1, we have

zm]mf̃152
] f

]f̃2

50, zm]mf̃25
] f

]f̃1

51, ~2.22!

by the ‘‘covariance’’ of Eq.~2.14!. Thusf̃1 and f̃2 satisfy
the same condition as Eq.~2.8!. Further, Eq.~2.9! is a special
case of~i! in which k(f2)50, because Eq.~2.9! implies
zm]mf̃15zm]mf̃250. From ~i! and ~ii ! therefore we can
conclude that it is always possible to find a set of the Eu
potentials satisfying Eqs.~2.8! or Eq.~2.11! when the degen-
erate electromagnetic field is invariant under the action g
erated by one Killing vector. The first relation of Eqs.~2.8!
implies thatf1 does not depend on the coordinate along
Killing direction. On the other hand, we need to integrate
second equation so as to obtain the explicit form off2. As a
result of the integration,f2 generally has a form dependin
on the ignorable coordinate.

Note that the vector potential derived from Eq.~1.2! does
not satisfy £zAm50 even if the Euler potentials are chose
according to Eq.~2.8!. In fact, from Eqs.~1.2! and~2.8!, we
have

£zAm5£zF1

2
~f1]mf22f2]mf1!G52

1

2
]mf1 .

~2.23!

A gauge transformationAm→Ãm5Am1]ml yields

£zÃm5£zAm1]m~£zl!. ~2.24!

Thus if l satisfies

£zl5
1

2
f1 , ~2.25!

the right-hand side of Eq.~2.24! vanishes. In this equation
f1 does not depend on the ignorable coordinate by virtue
£zf150. Therefore we can integrate it easily and get t
explicit expression ofl.
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B. Time-dependent axisymmetric configuration

In order to illustrate the method described above, let
consider the time-dependent axisymmetric configuration.
simplicity, we work in the flat space and use the spheri
coordinate:

ds252dt21dr21r 2~du21sin2udw2!. ~2.26!

The special case given by Eq.~2.9! is almost trivial. Thus we
do not discuss this case further.

We assume that the force-free electromagnetic field is
variant under the action generated by the axial Killing vec
m5]w , that is,

£mFmn50. ~2.27!

By Eqs.~2.8!, the Euler potentials must satisfy

£mf15]wf150, £mf25]wf251. ~2.28!

Integrating these equations, we have

f15c1~ t,r ,u!, f25w1c2~ t,r ,u!. ~2.29!

These are the general forms of the Euler potentials for
axisymmetric degenerate electromagnetic fields. Note
one of the Euler potentials explicitly depends on the ax
coordinatew even if the axial symmetry is assumed. T
components of the electromagnetic field are

Ftr5] tc1] rc22] tc2] rc1 , Ftu5] tc1]uc22] tc2]uc1 ,

Ftw5] tc1 , Frw5] rc1 , Fuw5]uc1 ,

Fru5] rc1]uc22] rc2]uc1 . ~2.30!

We have discussed the arbitrariness in the Euler potentia
paper I. The Euler potentials that yield a given axisymme
electromagnetic field are not unique even after the Euler
tentials are restricted to the form of Eq.~2.29!. Evidently,
c1 is determined uniquely within the difference of a co
stant. On the other hand, by an arbitrary function ofc1, we
can transformc2 as

c2→c̃25c21 f ~c1!, ~2.31!

without changing the electromagnetic field. Obviously, t
is an example of the transformation defined by Eqs.~2.5! and
~2.6!. The components of the vector potential~1.2! are

At5
1

2
~c1] tc22c2] tc1!2

1

2
w] tc1 ,

Ar5
1

2
~c1] rc22c2] rc1!2

1

2
w] rc1 ,

Au5
1

2
~c1]uc22c2]uc1!2

1

2
w]uc1 , Aw5

1

2
c1 .

~2.32!
s
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This expression depends on the axial coordinatew explicitly.
Thus £mAmÞ0 follows as already mentioned. The form o
the vector potential satisfying £mAm50 is derived by a
gauge transformation

Am→Ãm5Am1
1

2
]m~wc1!, ~2.33!

according to Eq.~2.25!. In fact, this transformation leads to

Ãt5
1

2
~c1] tc22c2] tc1!, Ãr5

1

2
~c1] rc22c2] rc1!,

Ãu5
1

2
~c1]uc22c2]uc1!, Ãw5c1 . ~2.34!

Let f (c1 ,c2) be an arbitrary function ofc1 and c2. Then
vector potentials derived fromÃm by gauge transformation
such that Ãm→Ãm1]m f (c1 ,c2) satisfy £mAm50. Since
]wc15]wc250 holds, all the vector potentials satisfyin
£mAm50 have the same w component. Therefore
c15Ammm is an invariant quantity among the vector pote
tials that yield the axisymmetric degenerate electromagn
field and satisfy £mAm50.

C. Dynamical description of time-dependent axisymmetric
field configuration

1. Force-free equation

In the above discussions, we have seen that the cond
for the symmetry restricts the form of the Euler potentials
Eq. ~2.29!. This equation gives the transformation of th
variables from two Euler potentials (f1 ,f2) to another set
of two scalars (c1 ,c2). Although one of the Euler potential
explicitly depends on the ignorable coordinatew, new vari-
ables c1 and c2 do not depend onw. Since there is no
further condition for symmetry, generally we must treat tw
equations for two functionsc1 andc2 in the field configu-
ration invariant under the action of one symmetry group.

The electromagnetic field was already given by E
~2.30!. We can decompose the magnetic field into the po
dal components and the toroidal component as

BW pol5¹W c13eWw , BW tor5¹W c13¹W c2 . ~2.35!

Similarly, the electric field is decomposed as

EW pol52ċ1¹W c21ċ2¹W c1 , EW tor52ċ1eWw . ~2.36!

The decomposition of the electromagnetic field into the p
loidal and the toroidal components arises naturally as in
traditional method. Substituting the Euler potentials~2.29!
into the 311 form of the equation of motion@Eq. ~4.2! of
paper I#, we have
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S ¹W c2•¹W c211/~r 2sin2u! 2¹W c1•¹W c2

2¹W c1•¹W c2 ¹W c1•¹W c1
D S c̈1

c̈2
D 1S ¹W ċ2•¹W c2 ¹W c1•¹W ċ222¹W ḟ1•¹W c2

¹W ċ1•¹W c222¹W c1•¹W ċ2 ¹W ċ1•¹W c1
D S ċ1

ċ2
D

6~ ċ2¹W 2c12ċ1¹W 2c2!S ċ2

ċ1
D 6¹W 3~¹W c13¹W c2!•S ¹W c2

¹W c1
D 2S ¹W •@~1/r 2sin2u!¹W c1#

0
D 50, ~2.37!
is

e
-

tio

.
n

where ¹W is acting on the poloidal coordinates only. Th
equation describes the evolution ofc1 andc2. If the condi-
tion

U¹W c2•¹W c211/~r 2sin2u! 2¹W c1•¹W c2

2¹W c1•¹W c2 ¹W c1•¹W c1
U

5~¹W f13¹W f2!25uBW u2Þ0 ~2.38!

is satisfied, we can solve Eq.~2.37! for c̈1 and c̈2 as Eq.
~4.4! of paper I. By virtue of the restricted forms of the Eul
potentials, ¹W f1i¹W f2 and ¹W f250W cannot occur. Conse
quently, only¹W c150W causesuBW u50. Thus, as far as¹W c1

Þ0W is satisfied in the whole force-free region, Eq.~2.37!
determines the second time derivatives ofc1 andc2 on an
arbitrary three-space fromc i( i 51,2) and their first time de-
rivatives prescribed on this three-space.

Substituting Eq.~2.29! into the Lagrangian scalar~1.4!,
we have

L5
1

8pF ~ ċ1¹W c22ċ2¹W c1!21
1

r 2sin2u
ċ1

22~¹W c13¹W c2!2

2
1

r 2sin2u
~¹W c1•¹W c1!G . ~2.39!

It is straightforward to see that the Euler-Lagrange equa

]L

]c i
2] t

]L

]ċ i

2¹W •
]L

]~¹W c i !
50, i 51,2 ~2.40!

indeed yields Eq.~2.37!.

2. Canonical equation of motion

The transformation from the Euler potentials (f1 ,f2) to
a set of two scalars (c1 ,c2) is a canonical transformation
We gave the canonical formalism in paper I. Now, we co
sider the canonical equation of motion forc i( i 51,2). Since
ḟ i5ċ i , the canonical momentum conjugate toc i is identical
with p i given by Eq.~5.21! of paper I. Thus we have

p15
]L

]ċ1

5
1

4p
$~¹W c2•¹W c211/r 2sin2u!ċ12~¹W c1•¹W c2!ċ2%,
r

n

-

p25
]L

]ċ2

5
1

4p
$2~¹W c1•¹W c2!ċ11~¹W c1•¹W c1!ċ2%.

~2.41!

If uBW u2Þ0, we can solve the above equations forċ i as

S ċ1

ċ2
D 5

4p

B2 S ¹W c1•¹W c1 ¹W c1•¹W c2

¹W c1•¹W c2 ¹W c2•¹W c211/~r 2sin2u!
D S p1

p1
D .

~2.42!

The Hamiltonian scalar becomes

H5
1

8pH ~4p!2@~p1¹W c11p2¹W c2!21p2
2/r 2sin2u#

@~¹W c13¹W c2!21~¹W c1•¹W c1!/r 2sin2u#

1~¹W c13¹W c2!21~¹W c1•¹W c1!/r 2sin2uJ . ~2.43!

Then the canonical equations of motion are given by

ċ15
dH

dp1
5

4p~p1¹W c11p2¹W c2!

@~¹W c13¹W c2!21~¹W c1•¹W c1!/r 2sin2u#
•¹W f1 ,

ċ25
dH

dp2
5

4p~p1¹W c11p2¹W c2!

@~¹W c13¹W c2!21~¹W c1•¹W c1!/r 2sin2u#
•¹W f2 ,

~2.44!

and

ṗ152
dH

dc1

5¹W •H 4p~p1¹W c11p2¹W c2!

@~¹W c13¹W c2!21~¹W c1•¹W c1!/r 2sin2u#
p1

1
1

4pF12
~4p!2$~p1¹W c11p2¹W c2!21p2

2/~r 2sin2u!%

@~¹W c13¹W c2!21~¹W c1•¹W c1!/r 2sin2u#2 G
3@¹W c23~¹W c13¹W c2!1~1/r 2sin2u!¹W c1#J ,
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ṗ252
dH

dc2

5¹W •H 4p~p1¹W c11p2¹W c2!

@~¹W c13¹W c2!21~¹W c1•¹W c1!/r 2sin2u#
p2

2
1

4pF12
~4p!2$~p1¹W c11p2¹W c2!21p2

2/~r 2sin2u!%

@~¹W c13¹W c2!21~¹W c1•¹W c1!/r 2sin2u#2 G
3¹W c13~¹W c13¹W c2!J . ~2.45!

These equations are longer than the corresponding cano
equations of motion in paper I apparently. However, actua
they are simplified because¹W becomes an operator acting o
the poloidal coordinate only.

Equations~2.44! and ~2.45! decide the causal develop
ment of axisymmetric force-free electromagnetic fields. U
fortunately, these are very complex equations. It is diffic
to discuss solutions and physical contents of these equa
at this stage. Thus we leave these matters untouched. H
ever, our discussions are enough for showing the method
applying the general theory of the force-free electromagn
field to the configuration with one direction of symmetr
Further, it is to be noted that in the foregoing works on t
evolution of the axisymmetric force-free magnetosphere@2#,
any closed set of the basic equations for the evolving for
free electromagnetic field was not given. Equations~2.44!
and ~2.45! complement this major defect.

III. CONFIGURATION WITH TWO INVARIANT
DIRECTIONS

A. Classification into two classes

Now, we are going to study the force-free electromagne
field invariant under the action generated by two Killing ve
tors z (1)

m andz (2)
m . We demand that the electromagnetic fie

satisfies

£z~1!
Fmn5£z~2!

Fmn50. ~3.1!

First, we consider the general condition on the Euler pot
tials that yields the degenerate electromagnetic fields sat
ing Eq. ~3.1!. The same reasoning as the configuration w
one symmetry direction also holds. Thus, corresponding
Eq. ~2.12!, two relations,

Fmlz~1!
l 5]m f ~1!~f1 ,f2!, Fmlz~2!

l 5]m f ~2!~f1 ,f2!,
~3.2!

follow from Eq. ~3.1!. Here f (1)(f1 ,f2) and f (2)(f1 ,f2)
are two arbitrary functions off1 andf2. As Eq. ~2.14! re-
sults from Eq.~2.12!, from Eqs.~3.2!, we have

z~1!
m ]mf152

] f ~1!

]f2
, z~1!

m ]mf25
] f ~1!

]f1
, ~3.3!

and
cal
y

-
t
ns
w-
or
ic

e

-

ic
-

-
y-
h
to

z~2!
m ]mf152

] f ~2!

]f2
, z~2!

m ]mf25
] f ~2!

]f1
. ~3.4!

These relations are also covariantly transformed as Eq.~2.14!
under the transformation defined by Eqs.~2.5! and ~2.6!.
Further, from Eqs.~3.3! and ~3.4!, we find

Fmlz~1!
m z~2!

l 5~]mf1]lf22]mf2]lf1!z~1!
m z~2!

l

5
]~ f ~1! , f ~2!!

]~f1 ,f2!
. ~3.5!

Thus we should treat the two cases~1! Fmlz (1)
m z (2)

l 50 and
~2! Fmlz (1)

m z (2)
l Þ0 separately.

These two cases are also distinguished by the existenc
the generator of the flux surface written by a linear com
nation of two Killing vectors. Namely, whenFmlz (1)

m z (2)
l 50

holds, there exists a generator of the flux surface written b
linear combination of two Killing vectors. On the other han
whenFmlz (1)

m z (2)
l Þ0, there does not exist a generator of t

flux surface written by a linear combination of two Killin
vectors. Inversely, if a degenerate electromagnetic field
variant under the action of two Killing vectorsz (1)

m andz (2)
l

has a generator of the flux surface written by a linear co
bination of these two Killing vectors,Fmlz (1)

m z (2)
l 50 fol-

lows. A proof is as follows. Letjm be a generator of the flux
surface written by a linear combination of two Killing vec
tors. That is,

jm5a~1!z~1!
m 1a~2!z~2!

m , ~3.6!

where a(1) and a(2) may be functions of position. Here
Fmnjm50 holds becausejm is a generator of the flux surfac
by the assumption. By Eq.~1.1!, we have

Fmnjn5~a~1!z~1!
n ]nf21a~2!z~2!

n ]nf2!]mf1

2~a~1!z~1!
n ]nf11a~2!z~2!

n ]nf1!]mf2 . ~3.7!

As long asFmn does not vanish,]mf1 and ]mf2 are two
linearly independent vectors. Thus nontrivialjn satisfying
Fmnjn50 exists if and only if the equation

S z~1!
n ]nf2 z~2!

n ]nf2

2z~1!
n ]nf1 2z~2!

n ]nf1
D S a~1!

a~2!D 50 ~3.8!

has a nontrivial solution of (a(1),a(2)). Therefore a generato
of the flux surface written by a linear combination of tw
Killing vectors exists if and only if

U z~1!
n ]nf2 z~2!

n ]nf2

2z~1!
n ]nf1 2z~2!

n ]nf1
U

5~]mf1]nf22]mf2]nf1!z~1!
m z~2!

n

5Fmnz~1!
m z~2!

n 50 ~3.9!

is satisfied. Inversely, it is evident that a generator of the fl
surfacejm written as Eq.~3.6! exists when Eq.~3.9! holds.
Therefore ifFmlz (1)

m z (2)
l 50, there is a generator of the flu

surface written by a linear combination of two Killing vec
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tors. We refer to this case as case I henceforth. On the o
hand, if Fmlz (1)

m z (2)
l Þ0, there does not exist a generator

the flux surface written by a linear combination of two Kil
ing vectors. We refer to this case as case II.

B. Euler Potentials in case I

Let us assumeFmlz (1)
m z (2)

l 50. By Eq. ~3.5!, this implies

] f ~1!

]f1

] f ~2!

]f2
2

] f ~2!

]f1

] f ~1!

]f2
50. ~3.10!

By means of the same procedure as described in the pre
ing section, we can construct a new set of the Euler po
tials (f̃1 ,f̃2) such that

f̃15 f ~1!~f1 ,f2!,
]~f̃1 ,f̃2!

]~f1 ,f2!
51. ~3.11!

As Eq. ~2.22!, then we have

] f ~1!

]f̃1

51,
] f ~1!

]f̃2

50. ~3.12!

Further, from the second of Eqs.~3.11!, we have
]( f (1) , f (2))/](f1 ,f2)5]( f (1) , f (2))/](f̃1 ,f̃2). Thus Eqs.
~3.10! and ~3.12! imply

] f ~2!

]f̃2

50. ~3.13!

Therefore we have

f ~2!5 f ~2!~ f̃1!. ~3.14!

Since f (2) is a function off̃1, we can also write

] f ~2!

]f̃1

5k~f̃1!. ~3.15!

After substituting Eqs.~3.12!, ~3.13!, and ~3.15! into Eqs.
~3.3! and ~3.4!, it turns out that Euler potentialsf̃1 and f̃1
satisfy

£z~1!
f̃15z~1!

m ]mf̃150, £z~2!
f̃15z~2!

m ]mf̃150,
~3.16!

and

£z~1!
f̃25z~1!

m ]mf̃251, £z~2!
f̃25z~2!

m ]mf̃15k~f̃1!,
~3.17!

respectively. We have not imposed any condition on
functional form of f (1) and f (2) so far. Thus the above dis
cussion is general. Accordingly, it is always possible to fi
Euler potentials obeying Eqs.~3.16! and ~3.17!. Therefore
the Euler potentials for the degenerate electromagnetic
having two directions of symmetry and satisfyin
Fmnz (1)

m z (2)
n 50 are determined by the conditions
er
f

ed-
n-

e

ld

£z~1!
f15z~1!

m ]mf150, £z~2!
f15z~2!

m ]mf150,

£z~1!
f25z~1!

m ]mf251, £z~2!
f25z~2!

m ]mf15k~f1!,
~3.18!

without any loss of generality. These equations are integra
easily if the Killing vectors are explicitly given. From two o
them, i.e., £z(1)

f251 and £z(2)
f25k(f1), we have an ex-

pression off2 depending on the ignorable coordinates.
Sometimes we can see that it is sufficient to treat cas

only by some reasons. For example, in the stationary
axisymmetric configuration, we can exclude case II dema
ing regularity of the electromagnetic field at the pole. In su
cases, we can derive conditions~3.18! more easily assuming
£z(1)

f150 only. As discussed in the preceding sectio

Fmnz (1)
n 50 is a too strong condition. Together wit

Fmlz (1)
m z (2)

l 50, this leads to the condition £z(2)
f150. Then

Eqs.~3.1! become

£z~1!
Fmn5]mf1]n~£z~1!

f2!2]m~£z~1!
f2!]mf150,

£z~2!
Fmn5]mf1]n~£z~2!

f2!2]m~£z~2!
f2!]mf150.

~3.19!

For the same reason that Eq.~2.4! arises from condition
~2.2!, we find

£z~1!
f25 f 1~f1!, £z~2!

f25 f 2~f1!, ~3.20!

where f 1(f1) and f 2(f1) are two arbitrary functions of
f1. Thus the same transformation as Eq.~2.7! makes the
Euler potentials satisfy eitherf 1(f1)51 or f 2(f1)51.
However, generally we cannot set two Euler potentials to
simultaneously. Therefore one integral on the three-surf
of constantf1 appears. Thus conditions~3.18! determine the
Euler potentials.

Substituting the Euler potentials satisfying Eqs.~3.18!
into Eq.~1.2!, we have an expression of the vector potent
However, this satisfies neither £z(1)

Am50 nor £z(2)
Am50. In

fact, we have

£z~1!
Am52

1

2
]mf1 ,

£z~2!
Am5

1

2S f1

dk~f1!

df1
2k~f1! D ]mf1

5]mF1

2E S f1

dk~f1!

df1
2k~f1! Ddf1G .

~3.21!

However, a gauge transformationAm→Ãm5Am1]ml

makes the vector potential satisfy £z(1)
Ãm5£z(2)

Ãm50, if

l satisfies

£z~1!
l5

1

2
f1 ,
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£z~2!
l52

1

2E S f1

dk~f1!

df1
2k~f1! Ddf1

52
1

2
k~f1!f11E k~f1!df1 . ~3.22!

Sincef1 does not depend on two ignorable coordinates, E
~3.22! are integrable.

C. Euler potentials in case II

Let us consider case II. For simplicity, we restrict o
consideration to the space-time in which two Killing vecto
z (1)

m andz (2)
l commute with each other. Namely, we assu

£z~1!
z~2!52£z~2!

z~1!5@z~1! ,z~2!#50, ~3.23!

where@z (1) ,z (2)# is the commutator ofz (1) andz (2) . From
Eq. ~3.23!, we have two identities:

z~1!
n ]n~z~2!

m ]mf1!2z~2!
n ]n~z~1!

m ]mf1!50,

z~1!
n ]n~z~2!

m ]mf2!2z~2!
n ]n~z~1!

m ]mf2!50. ~3.24!

Substituting Eqs.~3.3! and~3.4! into the above equations, w
get

]2f ~2!

]f1]f2
z~1!

m ]mf11
]2f ~2!

]f2
2 z~1!

m ]mf22
]2f ~1!

]f1]f2
z~2!

m ]mf1

2
]2f ~1!

]f2
2 z~2!

m ]mf250 ~3.25!

and

]2f ~2!

]f1
2 z~1!

m ]mf11
]2f ~2!

]f1]f2
z~1!

m ]mf22
]2f ~1!

]f1
2 z~2!

m ]mf1

2
]2f ~1!

]f1]f2
z~2!

m ]mf250. ~3.26!

Further, substituting Eqs.~3.3! and~3.4! into the above equa
tions again, we have

]2f ~1!

]f1]f2

] f ~2!

]f2
2

]2f ~1!

]f2
2

] f ~2!

]f1
2

]2f ~2!

]f1]f2

] f ~1!

]f2
1

]2f ~2!

]f2
2

] f ~1!

]f1

5
]

]f2
F] f ~1!

]f1

] f ~2!

]f2
2

] f ~1!

]f2

] f ~2!

]f1
G50 ~3.27!

and

]2f ~1!

]f1
2

] f ~2!

]f2
2

]2f ~1!

]f1]f2

] f ~2!

]f1
2

]2f ~2!

]f1
2

] f ~1!

]f2
1

]2f ~2!

]f1]f2

] f ~1!

]f1

5
]

]f1
F] f ~1!

]f1

] f ~2!

]f2
2

] f ~1!

]f2

] f ~2!

]f1
G50. ~3.28!

Here the Jacobian]( f (1) , f (2))/](f1 ,f2) is generally a func-
tion of f1 andf2. Thus Eqs.~3.27! and ~3.28! imply
s.

e

] f ~1!

]f1

] f ~2!

]f2
2

] f ~1!

]f2

] f ~2!

]f1
5

]~ f ~1! , f ~2!!

~f1 ,f2!
5k, ~3.29!

wherek is a constant. Further, we can introduce a new se
Euler potentials as

f̃15 f ~1!~f1 ,f2!, f̃25
1

k
f ~2!~f1 ,f2!. ~3.30!

Evidently, Eq.~2.6! holds. Thusf̃1 and f̃2 satisfy

z~1!
m ]mf̃152

] f ~1!

]f̃2

50, z~1!
m ]mf̃25

] f ~1!

]f̃1

51,

~3.31!

and

z~2!
m ]mf̃152

] f ~2!

]f̃2

5k, z~2!
m ]mf̃25

] f ~2!

]f̃1

50.

~3.32!

In the above discussion, we do not impose any restriction
the functional forms off (1) and f (2) . Therefore, in case II,
the Euler potentials are generally determined by the con
tions

£z~1!
f15z~1!

m ]mf150, £z~2!
f15z~2!

m ]mf15k,

£z~1!
f25z~1!

m ]mf251, £z~2!
f25z~2!

m ]mf150. ~3.33!

The vector potential introduced by Eq.~1.2! satisfies

£z~1!
Am5

1

2
]mf2, £z~2!

Am52
1

2
k]mf1 , ~3.34!

when the Euler potentials satisfy Eq.~3.33!. So that a gauge
transformationAm→Ãm5Am1]ml makes the vector poten
tial satisfy £z(1)

Ãm5£z(2)
Ãm50, l must satisfy

£z~1!
l52

1

2
f2 , £z~2!

l5
1

2
kf1 . ~3.35!

However, this implies

£z~2!
£z~1!

l52
1

2
k, £z~1!

£z~2!
l5

1

2
k. ~3.36!

Thus Eqs.~3.35! are incompatible with each other. Namel
Eqs.~3.35! are not integrable as far askÞ0. (k50 implies
Fmnz (1)

m z (2)
n 50.! In contrast to case I, the vector potenti

satisfying both £z(1)
Am50 and £z(2)

Am50 does not exist in
case II.

D. Stationary and axisymmetric configuration

The most important application of the force-free elect
magnetic field with two invariant directions will be the st
tionary and axisymmetric configuration. It has already be
studied extensively@1,3#. Thus this configuration is appropri
ate to clarify the relation between our formalism and t
traditional method, although the results obtained are not n
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Therefore let us consider the stationary and axisymme
force-free electromagnetic field.

By the assumption, the force-free electromagnetic fi
satisfies the conditions

£kFmn50, £mFmn50, ~3.37!

wherek is the stationary Killing vector] t . As described in
the foregoing subsection, two cases arise. In case I, the e
tromagnetic field satisfiesFmnkmmn5Ftw50. On the other
hand, in case II,FtwÞ0 holds. The former is the case studie
in the foregoing works. We will treat this case in the follow
ing. In the latter case, however, the toroidal componen
the electric field becomes singular at the pole as seen be
Thus it cannot be a solution appropriate to describe
whole region of the magnetosphere. However, since this
per aims at illustrating the method, we treat this case in
last subsection briefly. We work in the flat space-time w
the spherical coordinate~2.26! again.

1. Euler potentials and electromagnetic field

Substituting the explicit forms of the Killing vectors int
Eqs.~3.18!, we can integrate these equations as

f15C1~r ,u!, f25w2VF~C1!t1C2~r ,u!.
~3.38!

In the above equations, we rewritek(C1) to 2VF(C1) so
as to agree with the conventional notation. Further,C1 is
introduced to make the notation symmetric. These are
general forms of the Euler potentials. The components of
electromagnetic field then become

Ftr5VF] rC1 , Ftu5VF]uC1 , Ftw50, Frw5] rC1 ,

Fuw5]uC1 , Fru5] rC1]uC22] rC2]uC1 .
~3.39!

Equations ~3.39! show that ourC1 is equivalent to the
stream function of the poloidal magnetic field in the tra
tional method. Similarly, we can also see thatVF(C1) in-
deed corresponds to the angular velocity of the poloidal m
netic field lines@1,3#.

Note thatC2 appears only throughFru . Further, from Eq.
~3.39!, we can see thatC2 contains indeterminacy. It is de
termined within the arbitrariness arising from the transform
tion as

C2→C21 f ~C1!, ~3.40!

where f (C1) is an arbitrary function ofC1. The vector po-
tential defined by Eq.~1.2! becomes

At52
1

2
VFC1 ,

Ar5
1

2
~C1] rC22C2] rC1!

1
1

2F S VF2
dVF

dC1
C1D t2wG] rC1 ,
ic

d

c-

f
w.
e
a-
e

e
e

g-

-

Au5
1

2
~C1]uC22C2]uC1!

1
1

2F S VF2
dVF

dC1
C1D t2wG]uC1 ,

Aw5
1

2
C1 . ~3.41!

We have an expression depending on the ignorable coo
natest andw. This implies £kAmÞ0 and £mAmÞ0. Accord-
ing to Eq. ~3.22!, the expression that satisfies £kAm50 and
£mAm50 is obtained by a gauge transformation

Am→Ãm5Am1]ml~r ,u!, ~3.42!

with

l5
1

2
C1w1F1

2
VF~C1!C12E VF~C1!dC1G t.

~3.43!

Indeed,Ãm becomes

Ãt52E VF~C1!dC1 , Ãr5
1

2
~C1] rC22C2] rC1!,

Ãu5
1

2
~C1]uC22C2]uC1!, Ãw5C1 . ~3.44!

In this expression,C1 becomes thew component of the vec-
tor potential and hence coincides with the stream function
the poloidal magnetic field lines in the traditional metho
Suppose a gauge transformation such thatÃm→Ãm1

]m f (C1 ,C2). The vector potentials derived fromÃm by this
gauge transformation all satisfy £kAm50 and £mAm50. Un-
der these gauge transformationsAt5Amkm and
Aw5C15Ammm are invariant. Namely,At and Aw are in-
variant quantities among the vector potentials satisfy
£kAm50 and £mAm50.

2. Force-free equation

Let us consider the force-free condition. For illustrati
purposes, first, we are going to summarize the traditio
treatment briefly and then treat the same problem by
present formalism.

Since] t5]w50, Jr andJu are given by

4pA2gJr5]u~A2gFru!, 4pA2gJu52] r~A2gFru!,
~3.45!

respectively, whereA2g5r 2sinu. From Ftw50, t and w
components of the force-free equation, we have

] rC1]u~A2gFru!2]uC1] r~A2gFru!50. ~3.46!

This implies thatA2gFru is a function ofC1. That is,

A2gFru5r 2sinuFru5BT~C1!. ~3.47!

Then the poloidal components of the current are written
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Jr5
1

4pA2g

dBT

dC1
]uC1 , Ju52

1

4pA2g

dBT

dC1
] rC1 .

~3.48!

Substituting Eqs.~3.48! into r and u components of the
force-free equation, we have

H Jw2VF~C1!Jt2
BT

4pr 2sin2u

dBT

dC1
J ]AC150,

~3.49!

whereA5r ,u. Thus we have

Jw2VF~C1!Jt2
BT

4pr 2sin2u

dBT

dC1
50. ~3.50!

By straightforward calculations,Jt andJw become

Jt52
1

4pA2g
F] r~r 2sinuVF] rC1!

1
1

r
]uS r 2sinuVF

1

r
]uC1D G ~3.51!

and

Jw52
1

4pA2g
F] r S 1

sinu
] rC1D1

1

r
]uS 1

sinu

1

r
]uC1D G .

~3.52!

Thus Eq.~3.50! becomes

¹W •F 1

Ã2 ~12Ã2VF
2 !¹W C1G1VF

dVF

dC1
¹W C1•¹W C11

BT

Ã2

dBT

dC1

50, ~3.53!

whereÃ is the cylindrical radius, i.e.,Ã5rsinu. This is the
well-known pulsar equation~transfield equation! @1–3# that
decides the structure of the stationary and axisymme
force-free magnetosphere.

Note thatC2 does not appear at all in the above discu
sion. Evidently, this is becauseC2 appears only through
Fru in the electromagnetic field as Eq.~3.39!, andFru itself
is expressed by a function ofC1 as Eq.~3.47!. Indeed Eq.
~3.47! is also written as

] rC1]uC22] rC2]uC15
1

sinu
BT~C1!. ~3.54!

This is the equation forC2. It decidesC2 within the arbi-
trariness of Eq.~3.40!. However, in the traditional approach
the integralBT(C1) eliminatesC2. Thus we can complete
the whole analysis on the stationary and axisymmetric for
free electromagnetic field without mentioningC2 at all. This
is the reason the traditional method can describe the sta
ary and axisymmetric configuration by one stream functi
Equation~3.54! is required only when we want the informa
tion on the magnetic field lines or the flux surface.

Next let us treat the same problem by the present form
ism. Substituting the Euler potentials~3.38! into the basic
ic

-

-

n-
.

l-

equations, we have two equations forC1 andC2. However,
the same equations are derived from the action princ
more easily. Substituting Eqs.~3.38! into the Lagrangian
densityL5A2gL, we have

L52
r 2sinu

8p H 1

Ã2 ~12Ã2VF
2 !F ~] rC1!21

1

r 2 ~]uC1!2G
1

1

r 2 ~] rC1]uC22] rC2]uC1!2J . ~3.55!

The Euler-Lagrange equation forC1 yields

] rF 1

sinu
~12Ã2VF!] rC1G1

1

r
]uF 1

sinu
~12Ã2VF!

1

r
]uC1G

1r 2sinuVF

dVF

dC1
F ~] rC1!21

1

r 2 ~]uC1!2G
1] r@sinu~] rC1]uC22] rC2]uC1!#]uC2

2]u@sinu~] rC1]uC22] rC2]uC1!#] rC250. ~3.56!

Dividing Eq. ~3.56! by r 2sinu, we have an equation identica
with Eq. ~3.53! except for the last term. The Euler-Lagrang
equation forC2 leads to

]u@sinu~] rC1]uC22] rC2]uC1!#] rC1

2] r@sinu~] rC1]uC22] rC2]uC1!#]uC150.

~3.57!

This equation is identical with Eq.~3.46!. We can integrate
this equation and have Eq.~3.54!. Substituting integral
BT(C1) into the last two terms of Eq.~3.56!, it becomes

dBT

dC1
~] rC1]uC22] rC2]uC1!5

BT

sinu

dBT

dC1
. ~3.58!

Thus we get the pulsar equation~3.53!.
From the above discussion, we can understand gen

features of the force-free electromagnetic field with two
variant directions satisfyingFmnz (1)

m z (2)
n 50. In this type of

field configurations, one of two basic equations is integrab
As a result, one of two Euler potentials is hidden behind
integral written by the other Euler potential. Further, o
integral is already contained in one of the Euler potentials
Eq. ~3.38!. Consequently we have two integrals. Therefo
this type of force-free electromagnetic field can be descri
by one Euler potential together with two integrals written
this Euler potential. The other Euler potential is requir
only in problems that are concerned with the flux surface
the magnetic field line.

3. Approach to stationary state

The Euler potentialf2 depends on time even in the st
tionary and axisymmetric configuration as Eqs.~3.38!. Thus
c2, one of the dynamical variables in the time-depend
axisymmetric configuration, has a specific time-depend
form in the stationary limit. Thus the stationary axisymme
ric limit is not realized by setting the first and the seco
time derivatives ofc1 andc2 to zero.
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In the stationary and axisymmetric state the Euler pot
tials have the form of Eqs.~3.38!. Comparing Eqs.~2.29!
with Eqs.~3.38!, we see thatc1 andc2 behave as

c1~ t,r ,u!→C1~r ,u!,

c2~ t,r ,u!→2VF~C1!t1C2~r ,u!, ~3.59!

as the system approaches the stationary state. From
~3.59!, we further see that

~ ċ1,ċ2!→~0,2VF!, ~ c̈1 ,c̈2!→~0,0!, ~3.60!

respectively in the stationary limit. Then we can show th
two components of Eq.~2.37! tend to Eqs.~3.56! and~3.57!
substituting these limiting behaviors ofċ i and c̈ i .

Similarly, the time derivatives of the canonical variabl
also do not vanish in the stationary and axisymmetric lim
From Eq.~2.41! and the first of Eq.~3.60!, it turns out that
(p1 ,p2) becomes

~p1 ,p2!→S 1

4p
~¹W C1•¹W C2!VF ,2

1

4p
~¹W C1•¹W C1!VFD ,

~3.61!

in the stationary limit. Differentiating Eq.~2.41! and also
using Eqs.~3.60!, we also find

~ṗ1 ,ṗ2!→S 2
dVF

dC1
¹W C1•¹W C1VF ,0D . ~3.62!

Thus Eqs.~2.45! tend to equations

2
dVF

dC1
VF~¹W C1•¹W C1!5¹W •F2VF

2¹W C11
1

r 2sin2u
¹W C1

1¹W C23~¹W C13¹W C2!G
~3.63!

and

052¹W •@¹W C13~¹W C13¹W C2!#, ~3.64!

where¹W is an operator in the poloidal space. Therefore
can integrate the second of the above equations easily.
stituting the integral into the first equation, we arrive at t
pulsar equation.

E. Scharlemann and Wagoner’ s action principle

In the foregoing subsection, we have derived the equa
of motion from the variational principle. However, there e
ists another action principle that leads to the pulsar equat
Namely, Scharlemann and Wagoner@3# showed that the pul-
sar equation~3.53! is derived from the action
-

q.

t

.

e
b-

n

n.

I SW@C1#52
1

8pE H 1

Ã2 ~12Ã2VF
2 !

3F ~] rC1!21
1

r 2 ~]uC1!2G
2

1

Ã2 BT
2~C1!J r 2sinudrdu, ~3.65!

whereC1 is the field variable. In this subsection, we clari
the relation between these two action principles. Then
turns out that a force-free electromagnetic field with two
variant directions satisfyingFmnz (1)

m z (2)
n 50 generally has

Scharlemann and Wagoner’s type action. We show a met
to construct Scharlemann and Wagoner’s type action fr
the action of the force-free electromagnetic field given
Eq. ~1.4!.

1. Modified Lagrangian

Let us begin with an example in the particle dynamic
We consider a Lagrangian that has two degrees of freed
with one cyclic coordinate, i.e.,

L5L~q1 ,q̇1 ,q̇2!. ~3.66!

The Euler-Lagrange equation forq2 yields an integralp as

]L

]q̇2

~q1 ,q̇1 ,q̇2!5p. ~3.67!

Solving this equation for q̇2, it is expressed as
q̇25x(q1 ,q̇1 ;p). Let us denote any function or equation
which q̇2 is replaced byx(q1 ,q̇1) by adding^ &. After elimi-
nating q̇2, the equation of motion forq1 becomes

d

dtK ]L

]q̇1
L 2 K ]L

]q1
L 50. ~3.68!

The problem we are concerned with is to look for a Lagran
ian that directly derives this equation as the Euler-Lagra
equation. By the relations

]^L&
]q1

5 K ]L

]q1
L 1K ]L

]q̇2
L ]x

]q1
5 K ]L

]q1
L 1p

]x

]q1
~3.69!

and

]^L&

]q̇1

5K ]L

]q̇1
L 1K ]L

]q̇2
L ]x

]q̇1

5K ]L

]q̇1
L 1p

]x

]q̇1

,

~3.70!

we find

K ]L

]q̇1
L 5

]

]q̇1

~^L&2px!, K ]L

]q1
L 5

]

]q1
~^L&2px!.

~3.71!

Thus if we define a new LagrangianL̃ as
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L̃ ~q1 ,q̇1!5^L&2px5^L&2K ]L

]q̇1
L x, ~3.72!

the Euler-Lagrange equation derived fromL̃ (q2 ,q̇1) leads to
Eq. ~3.68!. L̃ is called the modified Lagrangian@4# and
2 L̃ is called the Routhian@5#.

2. Derivation of Scharlemann and Wagoner’s action

Action ~3.55! yields Eq. ~3.56! as the Euler-Lagrange
equation forC1. Substituting integralBT into this equation,
C2 is eliminated. Then we have the pulsar equation. T
procedure is analogous to derivation of Eq.~3.68!. We shall
investigate this analogy in some detail.

Let us denote any function from whichC2 is eliminated
by means of̂ & again. Then the pulsar Eq.~3.53! is written
as

K ]8L
]C1

2] i

]8L
]~] iC1!L 50, ~3.73!

where we abbreviate]/]C1uC25const as ]8/]C1 and

]/](] iC1)uC25const as]8/](] iC1).

Integrating the Euler-Lagrange equation forC2, we have
Eq. ~3.54!. However, this equation does not determi
] iC2 uniquely. Thus we cannot solve this for] iC2. In fact,
Eq. ~3.54! determinesC2 within the arbitrariness of Eq
~3.40!. Namely, ] iC2 is not a function depending only o
C1 and] iC1. However, differentiating Eq.~3.50! by C1 and
] iC1, we have relations

] rC1

]~]uC2!

]C1
2

]~] rC2!

]C1
]uC15

1

sinu

dBT

dC1
, ~3.74!

]uC21] rC1

]~]uC2!

] rC1
2

]~] rC2!

] rC1
]uC150, ~3.75!

and

2] rC21] rC1

]~]uC2!

]uC1
2

]~] rC2!

]uC1
]uC150.

~3.76!

Equation ~3.54! holds irrespective of the arbitrariness
C2. Thus these relations are also satisfied independentl
the arbitrariness inC2. Further, we can show that all th
derivatives of] iC2 appearing in the following are expresse
by these forms. Thus] iC2 can be treated as a function o
C1 and] iC1.

Using these relations, we have

]L
]C1

5
]8L
]C1

1
]L

]~] iC2!

]~] iC2!

]C1

5
]8L
]C1

1
]

]C1
S ]L
]~] iC2!

] iC2D
2S ]

]C1

]L
]~] iC2! D ] iC2 ~3.77!

and
s

of

]L
]~] jC1!

5
]8L

]~] jC1!
1

]L
]~] iC2!

]~] iC2!

]~] jC1!

5
]8L

]~] jC1!
1

]

]~] jC1!S ]L
]~] iC2!

] iC2D
2S ]

]~] jC1!

]L
]~] iC2! D ] iC2 , ~3.78!

where]/]C1 and]/](] iC1) denote the total derivatives in
which the dependence of] iC2 on C1 or ] iC1 is taken into
account. Evidently,]/]C1 and ]/](] iC1) commute with
^ &, but ]8/]C1 and]8/](] iC1) do not. IntroducingL as

L5^L&2 K ]L
]~] iC2!

] iC2L , ~3.79!

from Eqs.~3.77! and ~3.78!, we have

K ]8L
]C1

2] i

]8L
]~] iC1!L 5

]L
]C1

2] j

]L
]~] jC1!

2 K ] iC2

]

]C1

]L
]~] iC2!L

2 K ] j S ] iC2

]

]~] jC1!

]L
]~] iC2! D L .

~3.80!

After some calculations, we find

K ] iC2

]

]C1

]L
]~] iC2!L 52

BT

4psinu

dBT

dC1
~3.81!

and

K ] j S ] iC2

]

]~] jC1!

]L
]~] iC2! D L 52

BT

4psinu

dBT

dC1
.

~3.82!

Thus the last two terms of Eq.~3.80! vanish. Accordingly,
we can conclude thatL yields the pulsar equation as a
Euler-Lagrange equation. In fact, we can see thatL indeed
gives the Lagrangian density of Scharlemann and Wag
er’s action.

Formal analogy between the modified action~3.72! and
L is evident. Thus Scharlemann and Wagoner’s action
considered as the modified action of the action~3.55!. Fur-
ther, it is also evident that we can construct the modifi
action like Scharlemann and Wagoner’s action in the c
figuration that has two invariant directions and satisfi
Fmnz (1)

m z (2)
n 50.

F. Stationary and axisymmetric configuration
with nonzero F tw

Now, we shall considerFmnkmmn5FtwÞ0 case. Integrat-
ing Eq. ~3.33!, we get the Euler potentials as

f15t1c1~r ,u!, f25kw1c2~r ,u!, ~3.83!
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wherek is a constant. The components of the electrom
netic field then become

Ftr5] rc2 , Ftu5]uc2 , Ftw5k, Frw5k] rc1 ,

Fuw5k]uc1 , Fru5] rc1]uc22] rc2]uc1 . ~3.84!

This means that thew component of the electric fieldE(w) ,
the component with respect to the orthonormal basis vec
is given by

E~w!52~1/rsinu!Ftw52k/rsinu. ~3.85!

Thus E(w) becomes singular at the pole. Therefore, in
case of the stationary and axisymmetric configuration,
solution of Fmnz (1)

m z (2)
n Þ0 type is unphysical as solution

containing the pole. However, this does not imply that so
tions of this type are always unphysical.~The singularity in
the stationary and axisymmetric configurations proba
comes from the fact that the trajectory of Killing vectorm is
closed.! The purpose of this section is to present a meth
for handling the configuration with two symmetric dire
tions. Since the existence of the singularity does not s
this purpose, we complete the formulation.

Substituting the Euler potentials~3.83! into Lagrangian
density~1.4!, we have

L52
r 2sinu

8p H k

r 2sin2uF ~] rc1!21
1

r 2 ~]uc1!2G
1

1

r 2 ~] rc1]uc22] rc2]uc1!2

2F ~] rc2!21
1

r 2 ~]uc2!21
k2

r 2sin2uG J . ~3.86!

Then two Euler-Lagrange equations are given, respectiv
by

k2F] r S 1

sinu
] rc1D1

1

r
]uS 1

rsinu
]uc1D G1] r@sinu~] rc1]uc2

2] rc2]uc1!#]uc22]u@sinu~] rc1]uc2

2] rc2]uc1!#] rc250 ~3.87!

and

] r~r 2sin2u] rc1!1]u~sinu]uc1!

1] r@sinu~] rc1]uc22] rc2]uc1!#]uc1

2]u@sinu~] rc1]uc22] rc2]uc1!#] rc150.

~3.88!

These are two independent components of the force-
equation. In contrast to theFtw50 case, we can integrat
neither of the two force-free equations immediately as
~3.57!. Thus we have to deal with two coupled equations
c1 andc2 simultaneously even under the stationary and a
symmetric condition. This is a general feature
Fmnz (1)

m z (2)
n Þ0 type solutions.

As already mentioned, there does not exist a vector
tential that yields the electromagnetic field~3.84! and also
-

r,

e
e

-

y

d

il

ly,

e

.
r
i-
f

o-

satisfies £kAm5£mAm50. However, we can find an expres
sion that satisfies either of £kAm50 or £mAm50. For ex-
ample, a gauge transformation asAm→Ãm5Am1]ml with

l52
1

2E f2dt52
1

2
~kw1c2!t ~3.89!

makesÃm satisfy equation £kÃm50.

IV. SYMMETRY AND CONSERVED FLUX

A. Derivation of Noether’s identities

There are close relations between the conserved quan
and the symmetry of the system. In our theory, the geom
of the conserved vector flux closely relates to the geometr
symmetry of the configuration. Namely, the symmetry of t
system determines the surfaces along which the conse
vector fluxes flow. Since our basic equation is derived fro
the action principle, we can apply Noether’s identities@6#
systematically to this problem. Thus first we derive No
her’s identities and express the conserved vector fluxes in
appropriate forms for this purpose.

The Lagrangian density of the present theory is a fo
scalar density written as

L5L@]mf1 ,]mf2 ,gmn#. ~4.1!

Lie differentiating this equation with respect to an arbitra
vector field«m, we have

]m~L«m!5
]L

]~]mf1!
£«~]mf1!1

]L
]~]mf2!

£«~]mf2!

1
]L

]gmn
£«gmn . ~4.2!

Integrating by parts, we have

052]mF ]L
]~]mf1!G£«f12]mF ]L

]~]mf2!G£«f2

1]mF ]L
]~]mf1!

£«f11
]L

]~]mf2!
£«f22L«mG

1
]L

]gmn
£«gmn . ~4.3!

We have introduced the metric energy-momentum ten
Tmn by Tmn5(2/A2g)]L/]gmn in paper I. Further, we also
define the canonical energy-momentum tensor by

Tn
m5

1

A2g
F ]L
]~]mf1!

]lf11
]L

]~]mf2!
]lf22Ldl

mG .
~4.4!

In the right-hand side of Eq.~4.3!, the first and the second
terms are the equation of motion~1.3!. Thus they vanish if a
solution of the basic equation is substituted for the Eu
potentials. Under this condition, Eq.~4.3! is written as

~Tl
m2Tl

m!¹m«l2~¹mTl
m!«l50. ~4.5!
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In the above equation,«l is an arbitrary vector field. Thus
we can specify«l and ¹m«l independently at any given
point. Thus Eq.~4.5! implies

Tl
m5Tl

m , ¹mTl
m50. ~4.6!

These simple relations are Noether’s identities, arising fr
the general covariance of the theory. The metric ener
momentum tensor coincides with the canonical ener
momentum tensor in our theory. In other words, the s
density vanishes identically as expected from the fact that
basic variables are scalars. From Eqs.~4.6!, further we have
¹mTl

m50.
Let zm denote a Killing vector field. Further, letPm@z# be

the metric vector flux vector with respect toz andPm@z# be
the canonical vector flux with respect toz. Namely,Pm@z#
andPm@z# are defined by

Pm@z#5Tl
mzl, Pm@z#5Tl

mzl, ~4.7!

respectively. From the Killing equation,¹mPm@z#50 fol-
lows. Further, using the expression forTl

m , we have

Pm@z#5Pm@z#

5
1

A2g
F ]L
]~]mf1!

£zf11
]L

]~]mf2!
£zf22LzmG .

~4.8!

Although this equation seems trivial, the expression of
right-hand side gives a useful tool for studying the relat
between the conserved vector fluxes and the symmetry o
system. This is because it is written by the Lie derivativ
with respect to the Killing vector that directly reflect th
symmetry of the system.

B. Properties of conserved vector flux

1. Stationary and axisymmetric configuration with Ftw50

The properties of the energy flux and the angular mom
tum flux in the stationary and axisymmetric configuration
Ftw50 type are already well known. Thus this configurati
is appropriate to illustrate our method.

Let km be the stationary Killing vector andmm be the
axial Killing vector. Then the metric energy flux vectorem

and the metric angular momentum flux vectorl m are defined,
respectively, by

em52Tmnkn52Pm@k#, l m5Tmnmn5Pm@m#.
~4.9!

By Eq. ~4.8!, these fluxes are identical with the canonic
ones. From the Euler potentials~3.38! and Eq.~4.8!, we have

em5
1

A2g
F ]L
]~]mf2!

VF1LkmG ,
l m5

1

A2g
F ]L
]~]mf2!

2LmmG . ~4.10!
y-
-

n
e

e

he
s

-
f

l

Since bothkm and mm have no poloidal components, th
poloidal components of two vector fluxes relate as

eA5VFl A, A5r ,u. ~4.11!

Namely, the energy and the angular momentum flow alo
the same lines in the poloidal space. Further, making us
the explicit form of Lagrangian density~1.4!, we find

1

A2g

]L
]~]mf2!

5
1

4p
Fmn]nf15

1

4p
FmA]AC1 .

~4.12!

Thus we have

eA]AC15 l A]AC150. ~4.13!

Thus the energy flux and the angular momentum flux fl
along the poloidal field surface, i.e., the surface of const
C1 in the three-space of constant time. Relations~4.12! and
~4.13! are well known in studies of the stationary and a
symmetric force-free magnetosphere. The present ana
shows that these are direct results of the symmetry and
form of the Lagrangian density.

2. Stationary and axisymmetric configuration with FtwÞ0

We will consider theFtwÞ0 type stationary and axisym
metric configuration. By the form of the Euler potentia
~3.83!, we have

em52
1

A2g
F ]L
]~]mf1!

2LkmG ,
l m5

1

A2g
F ]L
]~]mf2!

k2LmmG . ~4.14!

Since

1

A2g

]L
]~]mf1!

52
1

4p
Fmn]nf2 ,

1

A2g

]L
]~]mf2!

5
1

4p
Fmn]nf1 , ~4.15!

together withkm]mf250 andmm]mf150, we have

em]mf250, l m]mf150. ~4.16!

Thus the energy flux flows along the three-surface of c
stantf2. On the other hand, the angular momentum flux flo
along the three-surface of constantf1.

3. Time-dependent axisymmetric configuration

In the case of the time-dependent axisymmetric confi
ration, we have

l m5
1

A2g
F ]L
]~]mf2!

2LmmG , ~4.17!
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from the Euler potentials~2.29!. By means of Eq.~4.15! and
mm]mf150, we find

l m]mf150. ~4.18!

Therefore the angular momentum flux flows along the thr
surface of constantf1. On the other hand, the energy flu
does not have such a geometric property.

V. CONCLUDING REMARKS

We have illustrated a systematic method to deal with
force-free electromagnetic field with symmetry. Togeth
with the theory given in paper I, our theory will extend a
plicability of the force-free approximation considerably.
allows us to study the magnetospheres under various co
tions for symmetry from the unified point of view.

In this work we have studied the time-dependent axisy
metric field configuration as an example of the configurat
with one direction of symmetry. We can apply this examp
directly to the evolution of the axisymmetric magnetosphe
-

e
r

di-

-
n

.

Another example of the configuration with one direction
symmetry is the obliquely rotating pulsar magnetosphere
this case, the electromagnetic field is invariant under the
tion generated by a linear combination of the stationary a
axial Killing vector. The example of the configuration wit
two directions of symmetry treated here is the stationary
axisymmetric configuration. Probably another interesting
plication is the nonlinear plane wave. The plane wave is
simplest dynamical problem. In addition to this point, a
wave tends to the plane wave in the region sufficiently aw
from the source. Thus this yields insight into the wave zo
solution of the force-free electromagnetic field in the o
liquely rotating pulsar magnetosphere. We plan to treat th
applications elsewhere in future works.
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